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Abstract  
 
There is a considerable body of research on the modelling and optimization of 
vehicle suspension systems. The main focus in most publications is an optimization 
procedure undertaken to find the values of the model parameters that satisfy certain 
operating requirements. However, the methods proposed do not always offer a broad 
variety of concepts and techniques. Most of these methods aim to find optimal values of 
suspension system parameters with respect to some optimality criteria that are often not 
explicitly formulated. In addition, none of the reviewed works utilizes existing 
guidelines and standards, on the vibration exposure on humans, to formulate 
optimization criteria. This would produce more applicable results of industrial and 
commercial merit. It is also important to mention that only a limited number of works 
offered numerical examples where real road conditions are employed for the 
optimization procedure.  
The presented thesis is devoted to development of a methodology for the 
optimization of vehicle suspension systems on the basis of two criteria: the improved 
comfort levels and advanced steering properties. The developed methodology is 
applied to various Australian roads, including highways, city roads, and country roads. 
It consists of a few steps as detailed below.  
The first step features the construction of a mathematical model for the 
vibration analysis of the vehicle suspension system. In the thesis different types of the 
quarter-car models and different biomechanical models for the driver are considered. 
All models considered are described by the corresponding systems of linear differential 
equations.  
The second step is undertaken to construct criteria to evaluate the comfort levels 
for the driver and passengers. For this purpose, a criterion was adopted from the ISO 
2631 (1997) standards to quantify the comfort levels during a ride. To utilize this 
criterion, the steady-state vibrations, obtained from the system Differential Equations 
for various excitation frequencies, have been combined via a novel mathematical 
approach undertaken to eliminate the need to include the time of exposure in the 
calculations. This will enhance the applicability of the proposed method and simplify 
its implementation. 
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The third step is devoted to constructing a criterion to quantify the steering 
properties of a vehicle. The developed formula, which is based on an engineering 
understanding of how wheel vibration impacts the force interaction between the wheel 
and road, is proposed for the first time in the current thesis. The formula will serve as a 
criterion for advanced handling performance of passenger vehicles.  
The final step is undertaken to formulate optimization problems for finding the 
suspension system parameters which ensure improved comfort levels as well as 
admissible steering performance for the vehicle. For the analysis, these two criteria 
were employed to construct multi-criteria optimization problems and also single-
criteria optimization problems that incorporate both criteria.  
The developed methodology for the optimization of vehicle suspension systems 
is tested in a number of numerical examples using power spectral densities of several 
highways, city roads and country roads in Australia. Thus, it allows to offer 
recommendations for the optimal tuning of vehicle suspension systems taking into 
account real road conditions, steering performances and ISO 2631 (1997) standards for 
comfort levels. 
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1. Introduction  
 
This chapter is structured in the following manner: at the beginning, vehicle 
suspension systems, their design, and modelling are reviewed. Then, a survey on 
vibrational analyses of vehicles with the corresponding viscoelastic elements and 
models is presented. Subsequently, an introduction to biomechanics and vibration 
exposure effects on humans is given. Finally, the purpose of the research and format of 
the thesis are formulated.  
 
1.1 Vehicle suspension systems  
1.1.1. Definition of the vehicle suspension systems. Any vehicle moving along 
a randomly profiled road is exposed to vibrations which can be harmful for a driver and 
passengers in terms of poor comfort and substantially decrease on vehicle durability. 
Therefore the main task of a vehicle suspension is to ensure ride comfort and road 
holding for a variety of road conditions and vehicle maneuvers. This in turn directly 
contributes to the safety.  
Shock absorption in an automobile is performed by a suspension system that 
carries weight of the vehicle while attempting to reduce or eliminate vibrations which 
may be induced by a variety of sources, such as road surface irregularities, aerodynamic 
forces, vibrations of the engine and driveline. Usually, road surface irregularities, 
ranging from potholes to random variations of the surface elevation profile, act as a 
major source that excites vibration of the vehicle body through the tire/wheel assembly 
and the suspension system (Griffin, 1976).  
In general, a good suspension should provide comfortable ride and good 
handling within a reasonable range of deflections. Moreover, these criteria subjectively 
depend on the purpose of the vehicle. Sports cars usually have specific suspensions with 
poor ride quality and perfect handling properties, while luxury sedans have suspensions 
tuned for improved comfort levels, but with poor road handling capabilities.  
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1.1.2. Classification of the suspension systems. The existing suspension 
systems can be divided into the following three groups: (1) active; (2) semi-active; (3) 
passive.  
 
1.1.2.1. Active suspension systems. Active vehicle suspension systems were 
introduced in the early 1970’s to overcome the drawbacks of passive suspensions, 
namely the inherent tradeoff between ride quality and handling performance. Published 
researches spanning more than 40 years have demonstrated significant improvements in 
ride quality and handling performance using different prototypes of the active 
suspensions (Karnopp, Crosby & Harwood, 1974).  
Figure 1.1.1 shows an active suspension system, in which a force actuator is 
placed in parallel to passive system. In active suspension systems, sensors are used to 
measure accelerations of the sprung and unsprung masses. The corresponding analog 
signals from the sensors are sent to the onboard controller. The controller is designed to 
take necessary actions to improve the performance ability of the system: it amplifies the 
signals which are fed to the actuator to generate the required forces to form a closed 
loop system (active suspension system).  
However, despite the published benefits and recent advances in active 
suspensions, these systems remain complex, bulky, and expensive and cannot be 
considered as a common feature for the majority of vehicles. Additionally, these 
suspension systems typically require external power to function and impose heavy loads 
on engines. Therefore, even with the electromechanical actuator the improved design 
 
Figure 1.1.1 Typical active suspension system and its quarter-car representation 
(Wu and Chen, 2004) 
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and control challenges inherent in active suspension systems have not fully been 
resolved. The main drawbacks of these systems are complicated actuator settings, 
occasional stiction of the entire suspension system, bandwidth limitations, durability, 
and maintenance issues. Thus, the application of active suspension systems has been 
limited to prototype off-road, military, and racing vehicles. However, for some vehicles 
the active suspension system can be offered as an exclusive option.  
 
1.1.2.2. Semi-active suspension systems. To replace complexity and cost of the 
active suspension systems, while improving ride and handling of the passive system, the 
concept of the semi-active suspension has been developed. In this suspension system, 
the passive suspension spring is retained, while the damping force in the damper can be 
modulated (adjusted) in accordance with the operating conditions. Figure 1.1.2 shows 
the schematic view of a semi-active suspension system. The regulating of the damping 
force can be achieved by adjusting the orifice area in the damper, thus changing the 
resistance of the fluid flow. 
Semi-active suspensions can be considerably more cost-effective, compact, and 
functionally simple, as they require only a variable damper and a few sensors to achieve 
adequate performance. Conventional semi-active suspensions rely on servo-controlled 
damper valves to achieve the “continuously variable damping”. The primary drawbacks 
of such systems are associated with a larger number of mechanical parts comparing with 
passive systems. Moreover, the semi-active systems suffer a lot of the bandwidth, 
durability, and maintenance limitations intrinsic to the active suspensions. That is why 
 
Figure 1.1.2 Typical semi-active suspension system and its quarter-car 
representation (Bouazara and Richard, 2001)  
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the semi-active systems have not gained commercial popularity.  
 
1.1.2.3. Passive suspension systems. The passive suspension systems consist of 
an energy dissipating element, which is known as the damper, and an energy-storing 
element, which is associated with the spring. Since these two elements d not add energy 
to the system, this kind of suspension systems is so-called passive. Figure 1.1.3 shows 
the typical passive suspension system. Due to the simplicity, reliability, and low cost, 
passive suspension systems are the common type of suspensions.  
However, passive suspension systems may not provide admissible comfort 
levels or good steering properties of the vehicle due to fixed parameters of the stiffness 
of the spring and damping coefficient of the shock absorber. Therefore, the vibration 
analysis of the passive suspension system and finding optimal parameters for the 
improved comfort levels and advanced steering properties of the vehicle is one of the 
important problems in automotive engineering and vehicle design.  
This research is dedicated to the problem of the vibration analysis of the passive 
suspension systems using mathematical modelling and optimization problems.   
 
1.2 Principle schemes of passive suspension systems  
 
1.2.1. General components of the passive suspension systems. Basically, a 
passive suspension system consists of two components: the elastic element, i.e. spring, 
and the viscous shock absorber (damper). Elastic elements come in two types: the coil 
            
Figure 1.1.3 Typical passive suspension system and its quarter-car representation 
(Longhurst, 2008)   
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spring or the leaf spring; see Figure 1.2.1. Coil springs are elastic elements that are now 
most widely used, while leaf springs could be found on some of the Australian full size 
cars made till the late nineties, and on some of the current heavy duty vehicles.  
The damper, or shock absorber, is shown in Figure1.2.2. This element of the 
passive suspension system performs two functions. Firstly, it helps to absorb road 
unevenness and bumps so that shocks are not transmitted to the car chassis. Secondly, it 
keeps wheels in contact with the road surface. The damper does this work by forcing 
gas or oil through a constriction valve.  
 
 
 
 
            
Figure 1.2.2 Section view of a typical oil-based vehicle shock absorber  
(Longhurst, 2008) 
            
Figure 1.2.1 Coil spring suspension and leaf spring heavy vehicle suspension 
(Longhurst, 2008)   
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1.2.2. Basic viscoelastic model: Kelvin element, Maxwell element, and Zener 
element. Considering properties of structural materials in terms of their applications in 
suspension design, it is obvious that certain materials, for example, rubbers and some 
sorts of plastics, exhibit a behaviour, which combines characteristics of a viscous fluid 
and an elastic solid. These materials are called viscoelastic. Mechanical properties of 
such materials or kinematic parts made of them can be described by different 
viscoelastic models (elements) associated with mathematical models with the second 
order differential or algebraic-differential equations; see Harris (2009).  
The simplest and most commonly used viscoelastic model in engineering was 
introduced by Kelvin (sometimes Kelvin model is attributed to Voigt); see Harris & 
Piersol (2002). Kelvin element combines the spring and dashpot in parallel, as shown in 
Figure. 1.2.3. An alternative model for describing viscoelastic behaviour proposed by 
Maxwell uses a combination of a spring and dashpot, but placed in a series as shown in 
Figure 1.2.4.  There is the third basic viscoelastic element, called the standard linear 
element, or Zener element. Such an element consists of two springs and a damper. The 
principle scheme of the standard linear element is shown in Figure 1.2.5.  
The governing differential and algebraic-differential equations and the 
corresponding solutions for the main basic viscoelastic elements will be considered in 
Chapters 3 – 9.  
 
         
 
    
Figure 1.2.3 Kelvin element 
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1.2.3. Quarter-car model. In many areas of interest to the automotive industry, 
including prediction of dynamic response of a vehicle and control of vehicle vibrations, 
the most commonly-employed mechanical model is a single-degree of freedom quarter-
car model (Ellis, 1969).  
The basic quarter-car model consists of two masses connected with two Kelvin 
elements. Such a two-mass model is very common in vibration analyses of vehicles due 
to its relative simplicity and (qualitatively) reliable information it can provide via 
simulation of vehicle vibrations at different frequency ranges. The principle scheme of 
the quarter-car model based on Kelvin elements was shown in Figure 1.1.3.  
       
      
Figure 1.2.5 Zener element 
     
        
Figure 1.2.4 Maxwell element 
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It is important to mention that Chapter 9 of this thesis is dedicated to a 
comparative analysis of three suspension systems based on Kelvin, Maxwell, and Zener 
elements in terms of improved comfort levels and advanced steering properties of the 
vehicle.  
 
1.3 Vibration exposure on humans 
 
1.3.1. The immediate and long-term effects of vibrations on humans.  
Motions and mechanical stresses resulting from application of vibrations to a human 
body can have several possible effects: the motion may interfere directly with physical 
activity; there may be mechanical damage or destruction; there may be secondary 
effects (including subjective phenomena) operating through biological receptors and 
transfer mechanisms, which then can produce changes in the organism; see Griffin 
(1975). 
Medical observations show that the effects caused by the vibration exposure 
strictly depend on the frequency, intensity, and period of vibrations. In accordance with 
ISO 2631 (1997), a human body has the highest sensitivity to vertical vibrations with 
frequencies 4 – 8 Hz. The corresponding physical problems associated with these 
vibrations have been extensively studied. At the same time, high level accelerations 
with the frequencies above 8 Hz are known to be capable of causing physical damage to 
tissues (Paddan & Griffin, 1998). Low frequency and lower level accelerations are not 
considered to be likely to cause physical damage, but may cause problems of hand-eye 
coordination, fatigue, and motion sickness (Griffin, 1976).  
Another important observation concerns the whole-body vibration (WBV) 
exposure associated with a number of adverse effects on the human body, as effects of 
vibration on the lower back, spine, and head. These effects have been extensively 
studied and documented in the official documents; see European Union Directive 
2002/44/EC (2002).  
Finally, changes to the body metabolism as a result of the whole-body vibration 
exposure were investigated in an attempt to explain possible mechanisms for developing 
fatigue effects (Kamenskii & Nosova, 1989). Discomfort caused by excessive vibration 
is also thought to contribute to fatigue. Exposure to vertical vibrations has been 
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recognized to cause the highest discomfort, and the latter can interfere with the ability 
of the driver to control the vehicle (Kamenskii & Nosova, 1989). 
 
1.3.2. Biomechanical models of the human body. In many studies it was found 
that the human body could be considered as a mechanical system; see Griffin & 
Whitham (1978). Such a system is called a biomechanical system, or biomechanical 
model. Usually, this model can be defined mathematically via its physical 
characteristics.  Therefore, basic viscoelastic elements are used to construct 
biomechanical models for vibration analyses.  
The characteristics of the biomechanical models have been extensively analyzed 
in terms of the seat to head transmissibility (STH), driving point mechanical impedance 
(DPM), and apparent mass (AP); see Boileau & Rakheja (1998). The first function 
(STH) refers to transmission of motion through the body; whereas the other two (DPM 
and AP) pertain to the force and motion at the point of vibration input.  
Currently, due to the vast amount of experimental data available, it is possible to 
find many types of biodynamical models for precise and reliable simulations of a 
response of a human body on vibration exposures.  
 
1.4 Solving optimization problems  
In all numerical examples we applied the global optimization algorithm 
AGOP introduced in Mammadov (2004). It uses a line search mechanism, where the 
descent direction is defined via a dynamical systems approach. This algorithm can be 
applied to a wide range of problems requiring only values of the objective function. In 
particular it does not require the gradient (or gradient like) information and hence it is 
well suited to finding the global minimum of a non-differentiable objective function.  
 
In Chapter 8 a multi-objective optimization problem is considered. To find 
Pareto Optimal Frontiers for this problem we consider a grid of three variables and 
calculate values of the objective function and then selected the Pareto Optimal ones. So, 
no optimization method has been applied for this problem. The provided curves give a 
general idea on the structure of Pareto Frontiers. 
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1.5 The purpose of the research 
The proposed research is aimed at the development of a methodology for 
optimization of the vehicle suspension systems for improved comfort levels for a driver 
and passengers and advanced steering properties of the vehicle. It can equally be applied 
for tuning suspension systems of both passenger cars and trucks.  
 
1.5.1. Actuality of the research. It has been long agreed that road conditions, 
speed and suspension tuning can adversely influence the driver’s and passenger’s state 
of health. Medical observations show that part of a human body, which is the most 
sensible for vibrations, is the hypophysis located at the lower part of the head. That 
naturally indicates a necessity to minimize vibrations on a person in a moving vehicle, 
paying special attention to minimizing vertical vibrations of the body. Also, there is 
sufficient evidence that vibration exposure to drivers could be a health hazard 
particularly with regard to back problems. Low-Back Pain (LBP) occurs in professional 
drivers, including bus drivers, truck drivers, and taxi drivers. The relatively high 
vibration exposure levels combined with long exposure durations and prolonged sitting 
are likely to contribute to back pain and other health effects. The current International 
Standard ISO 2631 (1997) on whole-body vibration provides useable guidelines for 
vibration exposures and predicted health effects. 
 
1.5.2. Significant problems defined in the research. The problem of this 
research is inspired by the necessity to ensure comfort and safe riding for a driver and 
passengers of a vehicle, especially at long term journeys, by finding optimal parameters 
of the suspension systems.  
There are limited published data on vibration exposures on humans in a moving 
vehicle that take into account real road conditions. Available data indicate that 
exposures are likely to be high putting drivers at risk to health. At the same time, 
Australian Transport Safety Bureau declared it necessity to establish standards for 
suspensions of vehicles and trucks sold in Australia; see a publication by the Australian 
Transport Safety Bureau (2001).   
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Therefore, the following significant problems are formulated in this thesis:  
1. Development of the mathematical models of the suspension systems for 
improved comfort levels and advanced steering properties. 
Note: Existing models found in the literature are not explicitly formulated in 
optimization. 
2. Development of objective functions for improved comfort levels based on the 
ISO standards. 
Note:  There are no criteria for smooth riding utilizing the ISO standards in 
the literature. 
3. Development of objective functions for advanced steering properties of the 
vehicle using approach (2). 
Note:  This is a new criterion formulated for optimization of the vehicle 
suspension systems.  
4. Application of the developed models to the real Australian roads.  
Note:  All the reviewed papers utilized artificial road profiles.   
1.6 Format of the thesis 
In this section a brief description of the format of the presented thesis (PhD by 
publication) is given. An introduction is followed by literature review and explication of 
seven manuscripts having different status of publication. The manuscripts making up 
Chapters 3 to 9, are presented in the original formats as published or submitted to 
publications; each of the manuscripts relates directly to the different stages of the 
vibration analysis of the quarter-car models. The semantic structure for Chapters 3 – 9 
with the links between the corresponding papers is shown on the next page in a flow 
chart.  
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Chapter 4 
Paper 2 Vibration analysis: optimization of 
parameters of the two mass model based on 
Kelvin elements 
Status of the paper: Published 
Outcome: The paper is concerned with 
constructing analytical solutions for the two-
mass quarter-car model that simulates the 
common types of the vehicle suspension 
systems.  
Influence of different parameters of the 
suspension systems on the driver/passenger 
comfort level is analyzed in the paper 
Chapter 3 
Paper 1 Optimization of Parameters of the 
Kelvin element in vibration analysis 
Status of the paper: Published 
Outcome: The paper describes methods and 
algorithms for vibration analysis and 
optimization of Kelvin element at the steady-
state vibrations. The proposed method 
accounts restrictions imposed by the ISO on 
the admissible level of vibration exposure 
Chapter 5 
Paper 3 Optimization of improved 
suspension system with inerter device of the 
quarter-car model in vibration analysis 
Status of the paper: Published 
Outcome: The paper describes a 
methodology for vibration analysis of the 
modified Kelvin element equipped with the 
inerter device. The analysis comprises the 
ISO standard restrictions on the admissible 
level of vibration exposure 
Chapter 6 
Paper 4 Analysis of the suspension system of 
the quarter-car model for improved comfort 
level and advanced handling performance 
Status of the paper: Submitted 
Outcome: The paper is devoted to vibration 
analysis of the typical two-mass quarter car 
model composed by Kelvin elements. Two 
independent optimization problems are 
formulated: (i) the improved comfort level for a 
driver/passenger; and (ii) the advanced steering 
performances of a vehicle  
Chapter 9 
Paper 7 A comparative study of vehicle 
suspension systems based on comfort level 
and handling performance 
Status of the paper: Submitted 
Outcome: Several quarter-car models based 
on Kelvin, Maxwell, and Zener elements are 
considered to evaluate the most appropriate 
suspension system in terms of reasonable 
safety, driving time, and advanced steering 
properties of a vehicle  
Chapter 8 
Paper 6 Multi-objective optimization models of 
vehicle suspension systems for the comfort 
level and steering properties  
Status of the paper: Submitted 
Outcome: Various mathematical models for the 
vehicle suspension systems based on Kelvin 
elements are presented and analyzed. Both 
single- and multi-objective optimization 
problems are considered.  
Pareto efficient solution is found for a typical 
quarter-car model  
Chapter 7 
Paper 5 Optimization of a quarter-car model 
accounting driver biomechanical effects 
Status of the paper: Published 
Outcome: The paper describes a method and 
algorithm for vibration analysis of a model 
composed of the succession of Kelvin 
elements, one of which represents a 
biomechanical model of a human body 
subjected to vibrations  
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2. Literature review  
 
In this chapter, literature review on vibration exposure on humans along with  
biomechanical human models is presented. At the same time, published works related to 
some of the particular problems considered in our publications are reviewed separately 
in Chapters 3 – 9.  
2.1 Vibration analysis of the vehicle suspension systems 
The presented literature review reveals many publications on vibration analyses 
of vehicle suspension systems. The common objective in most of these studies is 
finding values of the model parameters suitable at particular operating requirements, by 
applying analytical or numerical methods. In addition, none of the reviewed works 
utilizes current standards on human exposure to vibrations, to formulate optimization 
criteria. It should also be noted that there are very few studies that deal with vibrations 
caused by the real road profiles, while the vast majority uses the artificial spectral 
functions.  
That is why, the literature review presented below focuses on the problem of 
human exposure to vibrations, human body modelling, and relevant standards related to 
the evaluation of vibrations.  
 
2.2  Analyses of a human body as a biomechanical 
system 
 
A significant increase has been observed during the last thirty years in use of 
computer simulations in vibration analyses. For example, in automotive engineering 
there are a lot of recent works devoted to obtaining conditions of safe driving for both 
driver and passengers; see Boileau & Rakheja (1998); Wan & Schimmels (1995). These 
studies utilize special biomechanical models describing human body subjected to 
vibration and impact loadings, as well as numerical and, in some cases, analytical 
validation studies based on these models.  
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Actually, mathematical biomechanical models of the human body, in 
conjunction with a mathematical description of the suspension systems of the vehicle, 
offer a precise and reliable basis for the vibration analyses of the entire system Human – 
Vehicle – Road (HVR); see Patil, Palanichamy, & Ghista  (1977, 1978); Patil & 
Palanichamy (1988). Basic scheme of the HVR system is shown in Figure 2.2.1. 
Considering a HVR system, it has been found that in a seated posture, humans are most 
sensitive to the whole-body vibrations under low-frequency excitations (Pope, Wilder, 
Jorneus, Broman, Svensson & Andersson, 1987; Qassem, Othman & Abdul-Majeed, 
1994; Qassem, 1996). Moreover, Cho and Yoon (2001); Kim  and Yoon, (2005); Silva 
and Ambrosio (2004)  mentioned that the knowledge of the human responses to 
vibrations required also understanding the cause-effect relationship that accounts 
coupling transmission of vibrations through the body to head and comfort driving.  
Human body, considered as a mechanical system, represents a very sensitive and 
complicated system. However, there is vast and well-analyzed information in the 
reviewed publications on the magnitude of forces required to produce noticeable 
mechanical vibrations and impacts to the human body (Allen, 1978; Amirouche & Ider, 
1988; Frolov, 1981; Matsumoto & Griffin, 2001). Obviously, in real environment, 
human body may be negatively influenced by vibration at all frequencies, if the 
amplitudes are sufficiently large. Usually, researchers (Amirouche, 1987; Kubo, 
Terauchi, Aoki & Suziki, 1997; Liu, Kubo, Aoki & Terauchi, 1996) were focusing on 
 
Figure 2.2.1 Human – Vehicle – Road (HVR) system (Rottenberg, 1972) 
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the frequencies up to 100 Hz due to limited capacity of the computations. Also, being 
lack of rigidity of the human body makes measurements of acceleration usually more 
preferable to those of velocity or displacement (Berliner & Levison, 1977; ISO 2631, 
1997; Lewis & Griffin, 1980).   
A lot of biomechanical studies (Kitazaki & Griffin, 1998; Wang, Rakheja & 
Boileau, 2006) show that quantitative investigations of the effects of shock and 
vibration on humans are conducted in simulated environments using the reliable 
biomechanical models. Due to different origins, the biodynamic models can be divided 
into two groups: multibody models (MB) models and finite element models (FE).  
A very popular model for the analysis of of vibration influence on a human body 
is a MB model (Belytschko, 1978; Griffin, 1975; Wei & Griffin, 1998). This model 
simulates response of several parts of the body on shocks and vibrations. Every 
component of the MB model has its own biomechanical characteristics, i.e. mass, 
stiffness and damping rate. Also, while considering the MB model, it is necessary to 
take into account relevant factors, as a number of degrees of freedom of the model and 
general resonance frequencies of the designed system. In Figure 2.2.2 a multibody 
model that emulates the seat to head transmissibility of the human body (Suggs, Abrams 
& Stikeleather, 1969) is presented. 
In 1990s, a variety of experiments have been implemented under various testing 
conditions involving vibration excitations and postural constraints (Liu et al., 1995; 
Matsumoto & Griffin, 1998; Pankoke, Buck & Woelfel, 1998). There is also an 
interesting study devoted to characterizing the biodynamic responses of a seated body 
subjected to vibrations; see Nishiyama (1993). In this work, different transmissibility 
 
Figure 2.2.2 Human biomechanical model developed for the seat to head 
transmissibility analysis (Liu et al., 1995) 
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factors were analyzed and a concept of the apparent mass was introduced; the developed 
approach utilized both original and synthesized data taken from different data sources. 
In the reviewed work, different models for human bodies were analyzed, including 
models for a seated human without back support and with feet subjected to vibrations 
from the vibrating platform. Similar analysis of a MB model was presented by Liang 
and Chiang (2006), who also considered different human models (mainly without back 
support); they also gave a review of available experimental data for the characteristics 
of human bodies subjected to vibrations. In a recent publication by Liang, Chiang & 
Nguyen (2007), a model for a pregnant woman (in a seating position) was developed 
and subsequently used in the course of the MB vibration analysis comprising the 
developed model and a vehicle subjected to vertical vibrations that by the authors 
opinion should correspond to the most probable driving conditions.  
At the same time, mechanical impulses transmitted from the vibrating structure 
to a sitting human can be simulated by the Finite Element (FE) biomechanical models of 
a human body; see Figure. 2.2.3. Sometimes, this approach is called as the distributed-
parameter method. Herein, it is worthwhile to mention studies by Amirouche and Ider 
(1998); Kitazaki and Griffin (1997); Pankoke et al. (1998) utilizing models as opposed 
 
Figure 2.2.3 Human model with several parts meshed by finite elements for the 
Finite Element Analysis (Pankoke et al., 1998) 
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to multibody dynamic models. Usually, FE method is widely used to analyze certain 
parts of the body, such as spine, viscera and head. With incorporation of powerful FE 
codes, such as ANSYS, LS-DYNA, or ABAQUS, this kind of modeling became in a 
widespread use in vehicle crashworthiness and injury assessment of human impacts 
(Huang, 1995; Kitazaki & Griffin, 1997; Yogananden, Kumaresan, Voo & Pentar, 
1997). An interesting human model was introduced by Pankoke et al. (1998), who 
developed an advanced model of a sitting person using the FE techniques. That model 
focuses on the detail reproduction of the lumbar spine region with the individual 
vertebrae; it also includes muscles of the lower back region represented by multiple 
springs. In order to reduce computational time the rest of the model is represented by 
rigid bodies with the specified masses. In the reviewed paper three different models 
related to the upright, relaxed (mainly intended for modeling lorry drivers), and inclined 
forward (used to model crane operators) postures were developed and used in the course 
of vibrating analysis. In a later publication, Seidel and Bruthner (2001) used a FE 
approach resembling one developed earlier by Pankoke et al. (1998). This approach 
allowed the authors to analyze the spine forces generated during the whole body 
vibrations. It should also be mentioned that Pankoke et al. (2001) developed a simpler 
model, comparing to their highly detailed FE model presented in ( Pankoke et al., 1998). 
That simpler model was used for evaluating forces in the lumbar region of a driver 
exposed to vibrations. In this simplified model the connection between vertebrae discs, 
as well as behavior of muscles in the lumbar zone were simulated by the linear springs 
without dashpots. A group of authors (Verver et al., 2003) proposed another 
methodology for finite element modeling of spinal vertebrae; see Fig. 2.2.4. Herein, an 
individual vertebrae was modeled as absolutely rigid element connected with neighbors 
by joints admitting translational and rotational movements. Also, we would like to 
mention a work by Hinz et al. (2006) where the whole body vibration (WBV) analysis 
was carried out to study forces appearing in different parts of the drivers back.   
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Finally, literature review shows that more and more researchers in biodynamics 
focused on vibration analysis, base their approaches on modelling human body as 
multibody systems, due to available simple computer codes and possibility to perform 
complicated analytical computations. Moreover, foregoing literature review reflects that 
the two dimensional multibody models are the most popular approaches for the study of 
biodynamic responses of a seated body (Kim et al., 2005). At the same time, the FE and 
the three dimensional multibody models seem to be too complex to apply for 
comprehensive analytical dynamic simulations. Besides, these models require specific 
measurement techniques for obtaining necessary data in the three dimensional 
environments.  
 
2.3  The immediate and long-term effects of vibrations 
on humans  
 
Hassan and McManus (2001) studied influences of the Whole Body Vibration 
(WBV) induced by the surface roughness on vehicle drivers’ comfort. They reported 
that drivers of many types of vehicles mainly complain about vibrations in the 
 
Figure 2.2.4 Finite Element model developed by in 2003 for spinal shear force 
analysis (Verver et al., 2003) 
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frequency range 1.4 – 5.6 Hz. Another recent survey of the WBV exposure levels 
experienced by the Australian heavy vehicle drivers indicate that the measured WBV 
level exceeds the comfort and perception thresholds (ISO 2631, 1997) by 0.315 and 
0.01 2/m s
 
respectively (Hassan, 2002; Sweatman & McFarlane, 2000). Also, a study 
of different types of vehicles reveals that the highest vertical vibrations occur in the 
range 1 – 4 Hz (Sweatman & McFarlane, 2000). Also, steering wheel vibration levels as 
high as 1 2/m s  have been recorded; hand-arm vibration at this level may present a risk 
of injury considering the long exposure durations of vehicle riding.  
While speaking about conditions for a driver and passengers, it is important to 
note that exhaustion can decrease riding comfort and safety on the road (Bogert, 1994; 
Pradko, Orr & Lee, 1965; Tsymberov, 1968). Moreover, when vibration exposure is 
regular and long-term, some negative irreversible changes may happen with a human 
health. There are several medical observations of professional drivers describing, the so 
called, professional acquired diseases appeared after the long term vibration exposure 
(Andersson, 1981; Arnold et al., 1996; Belenky et al., 1998). For example, some chronic 
injuries may be produced by vibration exposure of a long duration at levels which 
produce no acute effects (Burdorf & Swuste, 1993). There is epidemiological evidence 
(Bongers et al., 1988, 1990) that occupations with exposures to WBV are at greater risk 
of Low-Back Pain, sciatic pain, and herniated lumbar disc when compared with control 
groups not exposed to vibration. There is also an increased risk of developing 
degenerative changes in the spine, including lumbar disc disorders. That is especially 
important for crane operators, tractor drivers, and drivers in the transportation industry; 
see Burdorf & Zondervan (1990). Seidel and Heide (1986) in a series of laboratory 
experiments have found that developing lumbar fatigue can be associated (along with 
other factors) with the long-term exposure to intensive vibrations. Dupuis et al. (1991) 
and Wikström (1978) revealed that the most frequent adverse effects resulting from the 
long-term WBV exposure are low-back-pain and ridicules (sciatica) caused by the 
premature exhaust of the spinal vertebra joints and developing herniated lumbar disc. In 
a work by Masabumi Miyamoto et al. (2000) it was found that back pain of lorry drivers 
was reported in more than 50% cases. These authors revealed that the most probable 
reasons for low-back-pain are insufficient time for rest, excessive driving time, and 
irregular driving time. According to Masabumi Miyamoto et al. (2000) more than 50% 
of drivers observed relation between low-back-pain and long driving time, when shocks 
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and vibrations due to uneven roads were significant. Works by Johanning (1991) and 
Boshuizen et al. (1992) confirmed that wrong vehicle suspension parameters, poor 
ergonomics of a seat, along with lengthy sitting are the main factors causing low-back-
pain of professional drivers.   
There are some researches, for example Cooper and Young (1980); Dupuis et al. 
(1991), showing that vibrations with specific frequencies and long period of exposure, 
even when minor amplitudes, influence seriously on health. It supports an old study by 
Grether (1971): vestibular apparatus of a human is very sensitive to light vibrations with 
frequencies 3 – 5 Hz and can provoke blood-vascular disorders and sea sickness. At the 
same time, vibrations with frequencies of 3 – 11 Hz provoke resonance effect on a head, 
stomach, liver, and bowels. Studies undertaken at the Swinburne University of 
Technology (Patterson, Schier, Owen & Pallant 2007) reveal that even short periods of 
low level harmonic vertical motion at 4 Hz can result in altered subjective mood/energy 
states, increases in reaction time to problem solving tasks, and changes in heart rate 
variability and brain electrical activity. Besides, the Heart Rate Variability (HRV) and 
electroencephalographic (brain electrical recordings) data recorded altering aspects of 
physiological arousal at 4 Hz vibrations. At the same time, some functional disorders of 
viscera occur during exposure by vibrations with frequency range 11 – 45 Hz. Also, 
such a frequency range negatively influences on vision due to vibrations of eye bulbs, 
and invoke motion sickness; see Griffin (1976); Stott (1980); Wells & Storey (1980). 
Finally, mechanical vibrations with frequencies more than 45 Hz are the serious 
precondition for vibration affection (Griffin & Whitham, 1978).  
Quite often in engineering and biomechanics only influences of the main 
vibration parameters, such as acceleration, speed and frequency on human health are 
studied, with no further analysis of how to minimize vibration impact and road noise on 
a human. Very few research papers were devoted to study effects of vibration on 
driver’s fatigue. To analyze this relationship Wilson & Horner (1979) obtained around 
3,600 questionnaire responses from professional drivers: vibration as the main source of 
fatigue was noticed by 71% of the drivers. Within the first three hours of driving 79% of 
drivers were aware of vibration and noticed vibration as being uncomfortable or fairly 
uncomfortable. Over 50% of the drivers stated that fatigue was their major problem.  
Several years ago, study of driver fatigue has been recognized as a relevant 
research theme in Australia, (Blower & Campbell, 1998); driver fatigue has been 
acknowledged as a serious problem and believed it caused between 4 and 30% of 
27 
crashes. And so, the National Road Transport Commission suggested prescriptive 
driving time limits, while it two subdivisions worked out the "Fatigue Management 
Code of Practice". The latter was based on the Occupational Health and Safety 
Legislation. Here, it is also necessary to mention a reviewed paper with considerable 
efforts directed to the problem of controlling driver fatigue; Hartley and Mabbott (1998) 
gave a literature review for the ‘Fatigue Task Force’ in Western Australia and compiled 
a vast bibliography on driver’ fatigue. At the same time, some results devoted to the 
analysis on influencing vehicle vibration on driver fatigue were presented for the 
Fatigue Expert Group (2001) publication. There are also several studies devoted to 
analyzing length of driving hours as one of the most relevant factors for driver fatigue. 
Thus, according to Australian legislation, truck drivers should not work more than 12 
hours, as excessive driving time inevitably leads to fatigue. The similar regulations 
restricting driving time were adopted in other countries; the basis for these regulations 
was observed fatigue, at long driving time. According to earlier publications the driving 
time that exceeds eight hours leads to fatigue (Lisper et al., 1986; Mackie & Miller, 
1978).  
Now, it is also recognized that other reasons can also influence on results of 
these experiments. Thus, in a work by Lisper et al. (1986) it was observed that vehicle 
drivers had fallen into micro sleeps, when continuously driving (along test road) from 
seven to twelve hours. Each of the drivers fell asleep not less than three times within the 
test period. After micro sleeps drivers were given a short time for rest (fast walk). The 
average time between micro sleeps was 24 minutes, and the deviation from time 
between micro sleeps did not change much during the experiment. Another factor found 
as a contributor to driver fatigue was the circadian influence on human sleep patterns. It 
is known that humans have a diurnal cycle of sleep and wakefulness; if a human is 
awoken when he or she would naturally be sleeping that creates a homeostatic tendency 
to sleep. At this time that the driver must choose to fight against sleeping or to have 
necessary sleep for recuperation. At this moment there is the greatest chance of a fatigue 
related crash.  
The presented results of these studies indicate that there can be different factors 
influencing on driver's watchfulness. Several attempts have been made to specifically 
how vibrations influence on driver fatigue. According to the majority of driver fatigue 
studies, the following factors are dominant in developing driver's fatigue: ‘time spent 
working’ and ‘time since last sleep’.  
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2.4 Measuring vibrations and establishing conditions 
for smooth driving 
 
 In engineering and biomechanics there are several measurement techniques that 
can be used for vibration exposure evaluation and smooth driving assessment. Such 
techniques are based on human feelings and human response to vibration exposure.  
 The most widespread scheme for vibration exposure estimation is the following: 
a human is exposed by different vibrations on a vibrostand and asked about feelings 
corresponding to different frequencies of the vibrating spectra. Such a test allows 
researchers to link human subjective feelings with the physical parameters of vibrations. 
Unfortunately, these results cannot be applied fully resolve the problem on how to 
evaluate smoothness of riding in a vehicle, mainly because these tests require special 
simulation of the random vibration spectra and long time exposure. Here it would be 
important to mention a recent study on simulating road profile data for experiments with 
WBV stands (Patterson et al., 2007) and several computer-automated algorithms used to 
predict human body responses to vibration (Amirouche, 1987; Kitazaki & Griffin, 1997; 
Kubo et al., 1997; Liu et al., 1995; Yogananden et al., 1997; Wei & Griffin, 1998). But, 
the major disadvantages of these methods concern low precision for measurements of 
the transmissibility of the body under various vibrations and high cost for laboratory 
tests.  
 Possibly, the simplest measurement technique of vibration exposure can be 
found in Rottenberg (1972): approximate measurement of smooth driving conditions 
can be done by comparing a driver with a walking man. So, if vibration exposure to a 
human in a vehicle does not exceed parameters of vibration related to simple walking, it 
can be stated that smoothness of driving is acceptable. Similar findings can be found in 
reports describing vibration interfere with people’s working safety (Bogert, 1994; 
Mcleod & Griffin, 1988; Qassem et al., 1996) and studies describing measuring 
techniques for evaluation of transmissibility effects of a human body under WBV 
(Griffin, 1975; Matsumoto & Griffin, 1998; Randall, Mattehews & Stiles, 1997). 
 In 1969, the International Standard Organization (ISO) suggested a methodology 
that allows one to carry out measurements of vibration exposure to driver in a moving 
vehicle. According to that methodology, vibration exposure values can be associated 
with the three different levels of feelings: comfort driving, acceptable fatigability which 
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does not influence on workability, and driving under health risk conditions. In the 
considered methodology, the general parameter of vibration exposure is the root-mean-
square (RMS) amplitudes of acceleration. The advantage of the proposed technique 
comparing with previous measurement techniques is that it allows to predict the 
maximum duration of vibration exposure. For example, in a work by Randall (1992) a 
comparison of different vibration expose data for truck drivers with the data presented 
in the older (1985) version of the International Standard for comfort levels, is given. 
The analyzed data corresponded to vertical vibrations in a range from 0.2 to 1.4 2/m s . 
It was found that minutes of driving along severely rough roads lead to the discomfort 
level; while the same discomfort level can be achieved at driving an hour or two along 
roads with poor road conditions.  
The latest version of the ISO standards related to measuring vibration exposure 
has been introduced in 1997 (ISO 2631, 1997); the new version of the standards is 
devoted to evaluating criteria on comfort and perception, motion sickness, and possible 
health effects. This standard uses a “caution zone” to classify vibration exposures that 
occur within the specified limits that depend on duration of vibration exposure. Any 
vibration exposure above the specified caution zone is considered as “likely to cause 
injury”. Also, the ISO code gives particular values for comfort riding and possible 
motion sickness:  less than 0.315 2/m s  – not uncomfortable; 0.315 2/m s  to 0.63 
2/m s   –  a little uncomfortable; 0.5 2/m s  to 1 2/m s   – fairly uncomfortable; 0.8 
m/s
2
 to 1.6 2/m s   – uncomfortable; 1.25 2/m s  to 2.5 2/m s   – very uncomfortable; 
greater than 2 m/s
2
  – extremely uncomfortable. 
At the same time, the current Australian Standards on the WBV (AS 2670 – 
1990) are based on the International Standard ISO 2631 (1985), which has been 
substituted by a new version ISO 2631 (1997). The Australian standards provide limits 
against three criteria:  it should be noted that the exposure limits are set at half onset of 
pain to preserve both health and safety.  
Another notion known as the "Fatigue-decreased proficiency boundary" can be 
associated with the limit that restricts both amplitude and duration of vibration 
exposure, at which working efficiency for different kinds of work (among these vehicle 
driving is one of the most important) can substantially decrease.  
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Reduced comfort boundary – concerned with the preservation of comfort and 
based on research in different kinds of transport industry that describe difficulties in the 
simplest operations as writing, reading, or eating, instead of subjective feelings. 
It is important to mention that Griffin (1990) concluded that there was no 
adequate notions or rigorous definitions in the in the Australian Standards  for the 
fatigue-decreased proficiency limits (boundaries). In a work by McPhee (2000), it was 
observed that the Australian Standard had limitations in respect of assessing fatigue 
limits for driving along rough roads with high peaks. These works initiated the adoption 
of a new version of the International Standard (ISO 2631, 1997), where rather vague 
and unclear notion of the “fatigue-decreased proficiency limits (boundaries)” was 
expelled and substituted by other definitions.  
Comparing the latest International and Australian Standards on vibration 
exposure evaluation, it is obvious to see that the ISO is more stringent in evaluating 
health conditions than current Australian Standards. For example, the criterion for safe 
vibration exposure listed in the current ISO Standard appears more stringent comparing 
to the corresponding Australian Standard.  
Finally, it would be noted that that measurements and evaluation scales of 
vibration exposures for drivers developed during last twenty years have much better 
agreement with health and safety riding. However, still there is no clear agreement on 
the ultimate criterion for vibration evaluation. This statement can be confirmed by the 
fact that current methodologies provide inconsistence in evaluation of vibration 
exposure suggested by various national standards. 
 
2.5  Protection required by the system under various 
exposure conditions 
 
The vehicle suspension system along with driver/passenger seat are the main 
parts ensuring comfortable driving. For a driver and passengers of a vehicle, seating 
comfort plays the most important role in preventing premature fatigue (Ahmadian, 
Seigler, Clapper & Sprouse, 2001; Gruber, 1976; Rottenberg, 1972). Literature review 
shows that among the most important factors influencing seating comfort are 
distribution of the seating pressure, the WBV, and pressure change rate; see Gillespie 
(1985); Rottenberg (1972).  
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In recent years the design of seat has experienced major improvements. Among 
developments and improvements of a typical vehicle seat we should mention the more 
effective bolster design, adjustable backrest support and seating position promoting 
comfortable postures (Ahmadian et al., 2001). Nowadays the notion “seat comfort” 
determines a group of different effects that have strong influence on human comfort at 
sitting in a moving vehicle; see Matsumoto & Griffin (1998); Randall (1992). 
Moreover, the short-term comfort offered by a seat is relatively easy to determine by 
different measures; see Ahmadian et al. (2001); Boggs (2004); Viano & Andrzejak 
(1992). Recently, Van Niekerk et al. (2003), in their research claimed that a major 
portion of vibrations experienced by the occupants of an automobile entered a body 
through the seat and the Whole Body Vibrations tended to affect the human body the 
most. Since natural frequencies for the human trunk falls in the range of 4-8 Hz, it is 
obviously to expect that the WBV mostly affecting passengers occur in this frequency 
range; see Ofori-Boetang (2003). Herein, we would like to give a brief review of works 
devoted to the vibration analysis of seats.  In a paper by Van Niekerk et al. (2003) 
experimental data are analyzed relevant to the "Seat Effective Amplitude 
Transmissibility" (SEAT) that is the analogue of the amplitude frequency characteristic 
defining the transfer of vibration magnitude from vibrating floor to the top of the seat. 
According to the discussed paper the SEAT ration can be used for measuring efficiency 
of vibration reduction of a particular seat. In a paper by Frechin et al. (2004), the active 
seat isolation system was proposed to reduce vertical vibrations. Whole Body Vibration 
in terms of SEAT values under different driving conditions was also investigated by 
Nawayseh and Griffin (2005); Qiu and Griffin (2011); Wu and Chen (2004).  The 
characteristics of pressure distribution on a rigid seat under whole-body vehicular 
vibrations have been analyzed by Boileau and Rakheja (1990). At the same time, Gyi et 
al. (1998) evaluated the seat pressure measurement technologies that are used in 
prediction of driver discomfort at various car seat designs. 
 Recently, Seigler and Ahmadian (2003) formulated special techniques, namely, 
the Seat Pressure Distribution (SPD) and the Area Pressure Change (APC) purposing to 
highlight relation among different designs of the seat cushion, and how the cushion 
design can influence on driver's comfort. In that paper the air inflated cushion with 
variable pressure can provide much better riding comfort than ordinary types of 
cushions; see also Hinz et al. (2006); Na, Lim, Choi & Chung (2003); Seigler et al. 
(2003). Along with those works, Cho and Yoon (2001) developed a biomechanical 
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model of humans on a seat with a backrest for evaluating the vehicular ride quality. 
Later, Rakheja, Stiharu, Zhang, and Boileau (2006) analyzed vertical vibrations of a 
driver and his/her interactions with the seat cushion and backrest in a complex 
biomechanical model. In a paper by Wang, Rakheja, and Boileau (2006) the geometry 
of a seat was analyzed within the framework of the maximal energy absorption from an 
occupant at vertical vibrations.  
Considering seat modeling for vibration analysis, Bouazara and Richard (2001) 
developed a mathematical model to simulate the dynamic behavior of the 3D model of a 
vehicle with different optional seats. Later, Fatollahzadeh (2006) suggested a 
mathematical model and analyzed different driver sitting positions. Computer-aided 
engineering methods have also been used to study and develop vehicle seats: for 
example, Verver et al. (2004) developed a finite element model to analyze pressure 
distribution transmitted to a seat (and backwards) from an occupant of a typical vehicle 
seat. Hix, Ziemba, and Shoof (2000) developed engineering methods and expertise 
estimates that allow one to capture effects of seat dynamics on ride quality; see also a 
recent work by Zhi and Zhao (2010).  
 
2.6 Concluding remarks  
 
The presented literature review reveals that the majority of existing models for 
vibration analysis of a human in a moving vehicle correspond to the artificial road 
conditions and at restrictive vehicle suspension parameters. Some of the reviewed 
papers are devoted to the analysis of the multibody system comprising road conditions, 
vehicle wheel, vehicle suspension, and the driver (passenger). However, such an 
analysis is based on a relatively simple model of road unevenness that does not take into 
account unevenness frequency variation due to possibly varied speed of a vehicle.  
Analysis of the relevant literature indicates that there are a lot of works focused 
on constructing specific biodynamic models that utilize experimental data to correspond 
to the definite testing conditions. The presented literature review reveals that current 
mathematical models of a system Human – Vehicle – Road (in seated posture) have not 
been investigated with the same level of accuracy, as much simpler two-mass models.  
 33 
3. Optimization of the Kelvin Element 
 
This chapter is devoted to the new optimization methodology for the vehicle suspension 
systems to improved comfort levels for the driver and passengers on highways and rural 
roads.  Herein, a first input to the proposed methodology based on the ISO standards of 
admissible levels of vibration exposure, is presented. The single Kelvin element used 
for suspension system modelling is analysed for applicability to the suggested method. 
Analytical solutions for the amplitude-frequency characteristics of the element are 
obtained. The objective function comprising restrictions imposed by the ISO standards 
are constructed. An objective function is tested using several numerical examples, 
where the road profiles are simulated by the simple sets of the amplitudes and 
frequencies.  
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Abstract In this paper we consider the problem of finding 
optimal parameters of the Kelvin element in vibration analysis. 
This problem is based on finding analytical solution of the initial 
ODE for development of the optimization model. Such technique 
allows us to compute optimal parameters of Kelvin element.  
I. INTRODUCTION AND LITERATURE REVIEW 
In this paper we consider the problem of finding optimal 
parameters of the vehicle suspensions given roads with 
different profiles and different times the driver or passenger 
is exposed while the vehicle is driven on these roads. The 
method introduced in this paper consists of the following 
steps. First, we describe a model suitable for vibration 
analysis. Then, we find analytical solution of the vibrating 
model and impose restrictions according to the ISO standard 
[4]. And, finally, we construct an objective function and 
search for the global minimum of this function with respect 
to the spring stiffness and viscosity of the damper of the 
model. This ensures maximum comfort and safeness for a 
driver and passenger in a moving vehicle.  
Currently, there are quite a lot of publications on modelling 
vehicle suspensions [1,3] and methods devoted to finding 
optimal parameters of suspensions at constant harmonic 
excitations [2,7-11], none of the reviewed works utilize the 
ISO recommendations on evaluation of the admissible level 
of vertical accelerations [4]. In the present paper we apply the 
ISO recommendations to find optimal parameters of 
suspensions. As far as we aware, no similar investigations 
have been made in this area in the literature. Such a 
combination ensures provision of the maximal ride comfort at 
the long-term exposure to vertical accelerations due vehicle 
movement along roads with different road profiles. In the last 
section of the paper we present several numerical examples 
that demonstrate application of the proposed approach to the 
construction of suspension. 
II. FORMULATION OF OPTIMIZATION PROBLEM
2.1. Kelvin element and its second order equations  
Kelvin element (sometimes called as Voigt element due to 
another originator) is the main type of viscoelastic elements 
used in modelling vehicle suspensions, tires, and human 
muscular-skeletal structure. The principle scheme of such an 
element is given in Figure 1.
It is assumed that springs and dashpots used in constructing 
the basic viscoelastic elements are weightless and have linear 
and constant with time response characteristics. The 
corresponding ODE for the freely vibrating mass is  
0Mx Cx Kx+ + =  ,  (1) 
where x  is the deflection from the equilibrium position; the 
mass M , the viscosity factor C , and the spring rate K  are 
material constants independent of ,x x , and time t . The 
obvious physical reasons imply 
0, 0, 0M C K> ≥ ≥ (2) 
2.2. Deflection of the support and analytical solutions  
Herein, we construct analytical solution for the case when 
harmonic (vertical) deflection ( ) exp( )u t A i t= ω  is applied to 
the support, where A  is amplitude of harmonic deflections of 
the support. We shall also apply a constant gravity force Mg
to the mass. The governing second order equation for the 
considered case is:  
( ) ( ) ( ) ( ) ( )Mx t Cx t Kx t Cu t Ku t Mg+ + = + −    (3) 
Introducing a new variable v x=  , and denoting 
x
X
v
§ ·
= ¨ ¸
© ¹
G
, we 
transform (3) to the following system of two ODEs of the 
first order. 
Fig. 1.  Kelvin (Voigt) element 
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X X= ⋅G
G G
   (4) 
where  
0 1
K C
M M
§ ·
¨ ¸
= ¨ ¸
− −¨ ¸© ¹
G   (5) 
Matrix G  is known as the Jacobian of system (4).  
The partial solution of (3) corresponds to the steady state 
vibrations of the mass of the Kelvin Element.  Thus, we can 
find a partial solution in the form (see, for example, [12]): 
1( ) ( ) hX t i P
−
= − ⋅I G
G G
ω   (6) 
with harmonic loading vector hP
G
:
0
( )
( ) ( )
hP t C K
u t u t g A
M M
§ ·
¨ ¸
= § ·¨ ¸+ −¨ ¸¨ ¸© ¹© ¹
G

(7) 
Combining (4) - (7) yields deflection ( )x t  of the mass and its 
second derivative – acceleration ( ) ( )a t x t=  :
2
2
( )
( ) i t
C iK iMg
a t i Ae
M i C K
+ −
= −
− −
ωωω
ω ω
(8) 
2.3. Vibration evaluation and Objective Function construction. 
According to the ISO 2631 [4] standards, vibration 
evaluation includes measurements of the weighted root-
mean-square (r.m.s) accelerations.  
In ISO 2631 the r.m.s weighted acceleration wa  is 
defined by the following formula: 
1
2
2
0
1
( )
T
w wa a t dt
T
§ ·
¨ ¸=
¨ ¸© ¹
³   (9) 
whereT  is a duration of measurement, and ( )wa t is the 
frequency weighted acceleration: 
1
2
2( ) ( ( ))w i i
i
a t W a t
§ ·
= ¨ ¸¨ ¸© ¹
¦ .  (10) 
In (10) iW  is the weighting factor for the i -th frequency 
band iω  of deflection of Kelvin’s element support and 
( )ia t  is the acceleration function for the corresponding 
frequency band defined by (8). In applications, iW  values 
will be taken form ISO 2631. 
Combining (9) and (10) we obtain the following expression: 
1 1
2 2
2 2
0
1
( ( )) ( )
T
w i i i i
i i
a W a t dt W A T
T
§ · § ·
¨ ¸= = ¨ ¸¨ ¸¨ ¸ © ¹© ¹
¦ ¦³
      (11) 
where 
2
0
1
( ) ( )
T
i iA T a t dt
T
= ³ .  (12) 
The aim should be to find such parameters of spring 
stiffness K  and damper viscosity C  that the r.m.s weighted 
acceleration wa  is minimal. This leads to the following 
optimization problem: 
1
2
2 ( )w i i
i
a W A T
§ ·
= ¨ ¸¨ ¸© ¹
¦ , (13) 
Subject to: ,K C B∈ .   (14) 
Here B  is a box defined by 
[ ] [ ]min max min max, ,B K K C C= × ; min max,K K
are the minimum and maximum values of stiffness of the 
spring, min max,C C  are the minimum and maximum 
values of viscosity of the damper.  
As we can see, form (12) and (8), the objective function 
wa  is a function of  ,K C .
2.4. Steady-state vibrations 
As it was mentioned above, the steady state response 
corresponds to the partial solution of (3). For steady state-
state vibrations the problem of minimization (13) can be 
derived in the following manner using only the real part of 
the acceleration (8) for each considered i -th band of 
excitation: 
( )Re ( ) cos( ) sin( )i i i i i i ia t A L t A Q t= ω + ω  (15)
where iA  is an amplitude of harmonic deflections of the 
support corresponding to i -th frequency band and 
( )2 2 2 2
2 2 2
3 2
2 2 2
( )( )
( )
( )
( )
i i i
i
i i
i i
i
i i
M K K Mg C
L
C M K
C M Mg
Q
C M K
ω ω − − − ω
=
ω + ω −
ω ω −
= −
ω + ω −
. (16) 
Therefore, using (15) we can transform (9) as follows: 
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2 2 2 2
2 2
cos( )sin( ) cos ( )
( )
2
cos( )sin( )
2
i i i i i i i i
i
i i
i i i i
i
A L T T A L Q T
A T T
T T
A Q T T
T
T
§ ·§ ·ω ω ω
= + + − +¨ ¸¨ ¸ ¨ ¸ω ω© ¹ © ¹
§ ·ω ω
+ +¨ ¸
ω© ¹
     (17) 
In (17), the terms corresponding to sin( )iTω  and 
cos( )iTω  converge to zero as T → ∞ . Therefore, for 
large T , ( )iA T  will be mostly dependent on the other 
terms and that allows us to consider only the limits ( )iA T
as T → ∞ . We have: 
2
2 2lim ( ) ( )
2
i
i i i
T
A
A T L Q
→∞
= + .  (18) 
Thus, the objective function (13) can be simplified by 
formula (18) and represented in the following manner: 
1
2 2
2 2 2
1
( , ) ( )
2
n
i
i i i
A
F K C L Q W
ª º§ ·
« »= +¨ ¸¨ ¸« »© ¹¬ ¼
¦
      (19) 
where n  is the number of frequencies in vibration spectrum 
and again, ,i iL Q  are defined by (16). Thus, Problem 
(13),(14) can be represented as the follows: 
Minimize: ( , )F K C .   (20) 
Subject to: ,K C B∈ .   (21) 
We note that, this statement involves steady solutions only 
and, in contrast of (13),(14), it does not use T . 
2.5. Vibrations of the Kelvin Element on different sequential 
excitations of the support 
Now, consider the case with several sequential vibration 
periods , ( 1, )kT k m=  to different magnitudes and 
durations of Kelvin Element. According to ISO 2631, the 
following formula is applied to calculate the total comfort 
corresponding to all periods kT .
( )
1
2
2
~
1
1
( , )
k
k wk
k
k
T a
F K C
T
ª º
« »
« »
= « »
« »
« »¬ ¼
¦
¦
 (22) 
where  wka  is the vibration magnitude for exposure period 
kT . In terms of steady solutions it can be represented as 
wka = ( , )F K C  in (19): 
1
2 2
2 2 2
1
( )
2
kn
ik
wk ik ik ik
A
a L Q W
ª º§ ·
= +« »¨ ¸¨ ¸« »© ¹¬ ¼
¦ . (23) 
Index k indicates the corresponding k -th period in of 
vibration of the Kelvin element and ,ik ikL Q  are defined 
similar to (16) as follows: 
( )2 2 2 2
2 2 2
3 2
2 2 2
( )( )
( )
( )
( )
i ik ik
ik
ik ik
ik ik
ik
ik ik
M K K Mg C
L
C M K
C M Mg
Q
C M K
ω ω − − − ω
=
ω + ω −
ω ω −
= −
ω + ω −
.
 (24) 
Thus, objective function (22) leads to the following 
optimization problem: 
Minimize: 
~
( , )F K C    (25) 
Subject to: ,K C B∈ .   (26) 
This is an optimization problem with box constraints (26). 
The objective function (23) is not convex or concave, 
therefore the problem (25) may have many local solutions. 
We are looking for a global solution in our research. In the 
calculations below, we use the global optimization algorithm 
AGOP, introduced in [5, 6]. 
III.NUMERICAL EXAMPLES
3.1. Single spectrum vibration 
Here we assume that the mass M  is constant and the 
deflection of the Kelvin element is defined by a periodic 
function given in (7). It is also assumed that the frequency of 
deflections iω  and the amplitude iA  are constant during the 
vibrations and the numbers of bands of the total vibration 
spectrum are 6,5,4n = . The weighting factors iW
corresponding each iω  were taken from the ISO 2631. The 
spring stiffness here is [ ]200,1500K ∈  and damper 
viscosity is [ ]1,10C ∈ . Looking at (14), we can represent 
[ ] [ ]200,1500 1,10B = × .
The parameters of Kelvin element and the bands of vibrating 
spectrum are taken as follows: 
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1 1 1
2 2 2
3 3 3
4 4 4
5 5 5
6 6 6
1 ,
1 , 0.08 , 0.482
2 , 0.08 , 0.531
5 , 0.002 , 1.039
8 , 0.002 , 1.036
4 , 0.001 , 0.967
3 , 0.0005 , 0.804
M kg
Hz A m W
Hz A m W
Hz A m W
Hz A m W
Hz A m W
Hz A m W
=
ω = = =
ω = = =
ω = = =
ω = = =
ω = = =
ω = = =
Some additional values for bands will also be considered for 
better performance and comparability. 
The corresponding computational results for the 
acceleration of mass for the considered model are presented 
in Table I.  
Analyzing the presented results, we can find relationships 
between optimal values of the Kelvin element and its 
different excitations. We can find the tendency that could be 
expected: in terms of optimality, high stiffness of spring 
requires low damping and high viscosity of damper requires 
low stiffness of spring.  However, even in this simple case, 
different amplitudes of vibrations lead to different optimal 
values ,K C .
While considering different sequential vibrations, the 
problem of finding optimal values ,K C  might be quite 
complicated. In the following example we are considering 
such a case. 
TABLE I 
THE OPTIMAL PARAMETERS C AND K FOR DIFFERENT SINGLE VIBRATION 
SPECTRUM IN EXAMPLE 1
Additional
amplitude
values of 
excitation of 
the 
support iA
Frequency of 
variable
amplitudes iω
Optimal 
Damper
viscosity 
C
Optimal 
Stiffness of 
spring K
The minimum value 
of Objective Function  
6n =
6A 6ω
   
0.0005 3 3.1826 283.186 3.2828 
0.0004 3 2.5065 287.2385 3.2459 
0.0006 3 3.7643 278.7984 3.3184 
5n =
5A 5ω
   
0.001 4 1 302.2257 3.1315 
0.002 4 7.8 200 3.5049 
0.005 4 6.8890 200 4.2166 
4n =
4A 4ω
   
0.001 8 7.5456 200 0.8667 
0.0011 8 7.3676 200 0.8896 
0.0012 8 1 281 0.9028 
3.2. Multiple spectrum vibration. 
Here we adopt all the notations mentioned in Section 3.1 
and consider two different vibration spectra that consist of 
1 2 4n n= =  number of bands each and set the time of 
vibrating periods on each spectrum as 1T  and 2T .
The parameters of Kelvin element and the bands of 
vibrating spectra are taken as follows: 
the first spectrum: 
11 11 11
21 21 21
31 31 31
41 41 41
1 ,
2 , 0.08 , 0.531
4 , 0.04 , 0.967
25 , 0.001 , 0.513
8 , 0.001 , 1.036
M kg
Hz A m W
Hz A m W
Hz A m W
Hz A m W
=
ω = = =
ω = = =
ω = = =
ω = = =
and the second vibrating spectrum: 
12 12 12
22 22 22
32 32 32
42 42 42
2 , 0.02 , 0.531
4 , 0.001 , 0.967
25 , 0.001 , 0.513
8 , 0.005 , 1.036
Hz A m W
Hz A m W
Hz A m W
Hz A m W
ω = = =
ω = = =
ω = = =
ω = = =
The computational results for the acceleration of mass for 
the considered model are presented in Table II with different 
proportions between periods 1 2,T T  spending on each 
vibration spectra. 
Looking at the results, we can see the tendencies of 
changing optimal values of spring and damper of the Kelvin 
element in terms of different proportions of the vibrating 
periods: the vibration periods 1 2,T T  influence on optimal 
values ,K C . For example, when 1T >> 2T , it could be 
more preferable to have in the Kelvin element maxC  and 
461.3286K = , at the same time when 1T << 2T , low 
vibrations achieves at minC  and 400.5220K = .
TABLE II 
THE OPTIMAL PARAMETERS C AND K FOR DIFFERENT  TIME PERIODS T1 AND 
T2 IN EXAMPLE 2
Proportions between vibrating 
periods 1 2,T T
Optimal 
Damper
viscosity C
Optimal 
Stiffness of 
spring K
The minimum 
value of Objective 
Function 
1 2
1 1
;
2 2
T T= =
5.3892 423.3512 6.0683 
1 2
4 1
;
5 5
T T= =
10 461.3286 6.9551 
1 2
1 4
;
5 5
T T= =
1 400.5220 4.4207 
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Also we see that the optimal values of K  doesn’t change 
much with different proportions of vibration periods, and 
C changes from minimum values to maximum values of 
viscosity. 
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4. Optimization of the Quarter-car Model 
 
In this chapter the method developed in the previous chapter is applied to the common 
quarter-car model based on two Kelvin elements. This allows one to find the steady-
state analytical solutions for the quarter-car model and build an objective function 
using the ISO standards. The presented numerical examples utilize optimization of the 
real vehicle suspension systems for some Australian highways.  
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Vibration analysis: optimization of parameters of the two mass 
model based on Kelvin elements  
A. Kuznetsov, M. Mammadov, I. Sultan, E. Hajilarov 
2 
Abstract— In this paper we consider the problem of finding 
optimal parameters of the two mass model that represents vehicle 
suspension systems. The analysis of the problem is based on 
finding analytical solution of the system of coupled Ordinary 
Differential Equations (ODE). Such a technique allows us to 
generate optimization problem, where an objective function 
should be minimized, in accordance with ISO 2631 standard 
formula of admissible acceleration levels. That ensures maximum 
comfort for a driver and passenger in a moving vehicle on the 
considered highways.  
I. INTRODUCTION AND LITERATURE REVIEW 
n this paper we consider the problem of finding optimal 
parameters of the vehicle suspensions given roads with 
different profiles the driver or passenger could be exposed 
while the vehicle is driven on these roads.  
 Currently, there are many of publications on modelling 
vehicle suspensions, for example [1], [3], and methods 
devoted to finding optimal parameters of suspensions at 
constant harmonic excitations, see [2], [7] - [11]. However, 
none of the reviewed works utilize the ISO recommendations 
on evaluation of the admissible level of vertical accelerations 
[4]. In the present paper we apply the ISO recommendations 
to find optimal parameters of suspensions.  
The method developed in this paper for finding optimal 
parameters of vehicle suspension, can be divide into several 
steps. First, we describe a model suitable for vibration 
analysis. We decided to consider a popular model in 
automotive engineering known as quarter-car model, see [2], 
[11]. Then, we find analytical solution of the vibrating model 
and impose restrictions according to the ISO standard [4]. 
And, finally, we construct an objective function and search 
for the global minimum of this function with respect to the 
spring stiffness and viscosity of the damper of the model. 
To the best of our knowledge, no similar investigations 
have been made in this area in the literature. Minimized 
vibration level of the vehicle body leads to maximal ride 
comfort at the long-term exposure to vertical accelerations due 
vehicle movement along roads with different road profiles. 
Some numerical examples presented in this paper 
demonstrates application of the developed approach to the 
optimization of parameters of suspension system.  
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The paper is structured as follows. In the next section we 
make a brief introduction to the problem and consider general 
stages of the developed methodology. In the third section we 
perform numerical examples with real data of road profiles 
and suspension modelling. And, in the last section we 
formulate some conclusions upon presented results. 
 
II.  FORMULATION OF OPTIMIZATION PROBLEM 
2.1. Two mass model based on Kelvin elements and the 
corresponding second order equation.  
Kelvin element is the main type of viscoelastic elements 
used in modelling vehicle suspensions, tires, and human 
muscular-skeletal structure. Here we consider an advanced 
two-mass model that consists of two Kelvin elements. As it 
was mentioned above, such a model represents popular in 
vibration analysis quarter-car-model, where the upper mass 
2M  represents a body of the vehicle and the lower mass 1M  is 
undamped mass of the wheel and suspension parts. The 
principle scheme of such model is given in Fig. 1.  
 
Fig. 1: Two mass model based on Kelvin elements 
It is assumed that both springs and dashpots used in this 
model are weightless and have linear and constant with time 
response characteristics. The corresponding ODEs for the 
freely vibrating masses are the following:  
1 1 1 1 1 1 2 1 2 1 2 2 2 2
2 2 2 2 2 2 2 1 2 1
0
0
M x C x K x C x K x C x K x
M x C x K x C x K x
      
     
   
  
  (1) 
where 1x  and 2x  are deflections from the equilibrium 
position; 1 2,M M  are the masses,  are the viscosity 
factors, and 
1 2,C C
1 2,K K  are the spring rates; all material constants 
are independent of 1 2 1 2, , ,x x x x  , and time t . The obvious 
general physical reasons imply 
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0, 0, 0q q qM C K 	 	             (2) 
2.2. Deflection of the support and analytical solutions for the 
two mass model  
Herein, we construct analytical solution for the case when 
harmonic (vertical) deflection ( ) exp( )u t A i t 
  is applied to 
the support of the lower element with mass 1M , where A  is 
the amplitude of harmonic deflections of the support and 
  is 
the circular frequency of deflections. We shall also apply a 
constant gravity forces 1M g  and 2M g  to the corresponding 
masses. The governing second order equations for the 
considered case are:  
1 1 1 1 1 1 2 2 1 2 1 2
1 1 1
2 2 2 2 1 2 2 1 2
( ) ( )
( ) ( )
( ) ( )
M x C x K x C x x K x x
C u t K u t M g
M x C x x K x x M g
     
  
      
   

  

2
   (3) 
Introducing new variables , and denoting  1,a x b x 
1 2( , , , )TX x x a b

, 
we can transform (3) to the following system of four ODEs of 
the first order. 
( )X X P t  G                   (4) 
where 
1 2 2 1 2 2
1 1 1 1 1 1
2 2 2 2
2 2 2
1 1
1 1
0 0 1 0
0 0 0 1
,
0
0
( ) ( ) ( )
K K K C C C
M M M M M M
K K C C
M M M M
P t C K
u t u t g
M M
g
 
 
 
 
     
 

2
 
 
 
 
 
 
  
 
  
G




   (5) 
Matrix  is known as the Jacobian of system (4), see [13]. 
Vector 
G
( )P t
 represents loading applied to both masses of the 
model.  
 The partial solution of (3) we are looking for, corresponds 
to the steady state vibrations of the masses of the considered 
model. Such a partial solution can be found in the following 
form (see, for example, [13]):  
1( ) ( ) ( )X t i P t  I G 
             (6) 
 While constructing the solution if a form (6) we need to 
consider two different cases: (i) a periodic solution related to 
harmonic (vertical) deflection  that excludes non-
oscillating gravity forces 
( )u t
1 2,M g M g , and (ii) non-oscillating 
solution associated with gravity forces that excludes from the 
right-hand side all terms associated harmonic vibrations. 
Thus, loading vector ( )P t

associated with periodic 
deflections  is the following: ( )u t
1 1
1 1
0
0
( ) ( ) ( )
0
hP t C K
u t u t
M M
 
 
 
   
  
  
 
 

       (7) 
 The solution of (6) for each of two masses of the model in 
the case of harmonic deflections (7) is as follows: 
2 1 1
1 2 2 2
1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
h
h
i C K
x t M i C K A i t
d
i C K
x t i C K A i t
d
    
   




 
 




 

 (8) 
where 
 
 
 
4 3
1 2 1 2 2 1 2 2
2
1 2 1 2 2 1 2 2
1 2 2 1 1 2 .
d M M i M C M C M C
C C M K M K M K
i C K C K K K

 





    
    
 

    (9) 
Loading vector ( )P t  that corresponds to non-oscillating 
gravity forces 1M g and 2M g  has the following 
representation: 
0
0
gP g
g
 
 
 
 
 
 

                 (10) 
so, the solution of (6) that corresponds to non-oscillating 
gravity loading vector (10) is the following: 
 
1 2
1
1
1 2 2 1 2
2
1 2
g
g
M M
x g
K
M K M K K
x g
K K
 

   
         (11) 
 As it was mentioned above, we are considering only steady 
state vibrations of the model. So, we are looking for partial 
solutions of the considered systems. Thus, summarizing 
periodical solutions (8) and non-oscillating solutions (11) we 
obtain the overall partial solution for deflections of masses:  
 
2 1 1 1 2
1 2 2 2
1
1 2 2 1 21 1
2 2 2
1 2
( ) ( ) exp( )
( ) ( ) exp( )
i C K M M
x t M i C K A i t g
d K
M K M K Ki C K
x t i C K A i t g
d K
      

     



 
 




 

K
                     (12) 
ThCP3.16
41
  
 
and taking the second derivative of (12) we can find 
accelerations of each mass:  
2 2 1 1
1 2 2 2
2 1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
i C K
a t M i C K A i t
d
i C K
a t i C K A i t
d
     
    



 
 



 
 



   
                     (13) 
Thus, we can point out the following notes: 
 Formula (13) can be used for evaluation of vertical 
accelerations of vibration for fixed single 
frequency 
 . 
 As long as we consider steady state vibrations, we 
will operate with the real part of acceleration 
, : , 1( )a t 2 ( )a t  1Re ( )a t  2Re ( )a t . 
2.3. Vibration evaluation and the objective function 
construction  
According to the ISO 2631 standard [4], vibration 
evaluation includes measurements of the weighted root-mean-
square (r.m.s) accelerations that will be defined by . In 
general case, vibration spectrum consists of  independent 
bands with the corresponding frequencies 
wE
n
i
 , where 
. Then, according to methodology provided by 
ISO, weighting factor ,  should be applied to 
each frequency 
1, 2,...i  n
niW 1, 2,...i 
i
 . In further applications, values of  will 
be taken form ISO 2631. Thus, we get number of acceleration 
functions 
iW
i defined by (13) for each frequency i
 . 
Standard ISO 2631 defines the r.m.s weighted acceleration  
by the following formula: 
wE
1
2
2
0
1 ( )
T
w wE b t dT
 
 
 
 t               (14) 
where  is a duration of measurement, and is the 
frequency weighted acceleration:  
T ( )wb t
1
22
1
( ) ( ( ))
n
w i i
i
b t W t

 
 
              (15) 
Combining (14) and (15) we obtain the following expression: 
1 1
2 22 2
0
1 ( ( )) ( )
T
w i i i i
i i
E W t dt W A
T

     
  
  T

    (16) 
where 
2
0
1( ) ( )
T
i iA T t dtT
                 (17) 
and 
 2( ) Re ( )i t a  i t                (18) 
In (18), we apply ISO methodology of evaluation of vibration 
exposure for upper mass 2M  only, as we focus on vibration 
analysis of the body of the vehicle for each i band of the 
vibration spectrum. Also, we take into account only steady 
state vibrations by using the real part of the acceleration (13). 
Herein, the main target is to find such parameters of spring 
stiffnesses 1 2,K K and damper viscosities  that ensure 
the minimal value for r.m.s weighted acceleration  for 
upper mass. This leads to the following objective function to 
be minimized: 
1 2,C C
wE
 
1
222
1 2 1 2 2
0
1( , , , ) Re ( )
Tn
w i
i
E K K C C W a t dt
T
 
  
 
  i   (19) 
2.4. Steady-state vibrations  
As it was noticed above, we are focusing on vibration of the 
body of the vehicle. So, we continue vibration analysis for 
upper mass 2M  only. Also, we mentioned in section 2.2 that 
steady state response corresponds to the partial solution of (3). 
Then, for steady state vibrations the problem of minimization 
(19) can be derived in the following manner using the real part 
of the acceleration (13) for each i  band of excitation: 
  2 2 2 22 2 2 2 2Re ( ) i i i i ii i i
i i i i
iH K C L L K C Ha t Q RQ R Q R
 
  
 

 

 (20) 
where  
3 2
1 1
2 3
1 1
3 3 3
1 2 2 1 1 2 2 1 2 2
2 2 2 4
1 2 1 2 1 2 2 1 2 2 1 2
cos( ) sin( )
cos( ) sin( )
i i i i i i i
i i i i i i i
i i i i i i
i i i i i i
H C t K t
L K t C t
Q C K C K C M C M C M
R K K C C K M K M K M M M
   
   
    
     

 
 
 


 
 
 


 
 
 
 


 
 
 
 

 
                     (21) 
In (21), i  is an amplitude of harmonic deflections of the 
support for  frequency band.  i
Applying integration procedure (17) - (20) we get some terms 
involving sin( )iT
  and cos( )iT
 . Obviously, considering 
large time periods of driving; that is T , the terms 
associated with 
 
sin( )iT
  and cos( )iT
  will converge to zero. 
Therefore, ( )iA T  will be mostly dependent on terms which 
are not linked to sin( )iT
  and cos( )iT
 . That allows us to 
consider only the limits lim ( )iT A T  instead of ( )iA T : 
  4 2 2 2 2 2 2 21 1 2 2
2 2lim ( ) 2( )
i i i i
iT
i i
c k c k
A T
R Q

 
 


    

   (22) 
Thus, the objective function (19) can be approximated by 
using   (22) in the following manner: 
  
1
4 2 2 2 2 2 2 2 2
1 1 2 2 2
1 2 1 2 2 2
1
( , , , )
2( )
n
i i i i
i
i i
c k c k
F K K C C W
R Q
    
  
    !


 
 

 (23) 
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where  is number of frequencies in vibration spectrum. 
Now, the optimization problem can be formulated as follows:  
n
Minimize: 1 2 1 2( , , , )F K K C C           (24) 
Subject to: 1 2 1 2, , ,K K C C B"           (25) 
Here B is the box describing the range for values of variables. 
We note that, (24), (25) involve steady solutions only and, in 
contrast of (19), the last problem does not contain parameter T. 
Performing optimization task, we are looking for a global 
solution. In the calculations performed for examples 
considered in the subsequent section, we used the global 
optimization algorithm AGOP, introduced in [5, 6].  
III. NUMERICAL EXAMPLES  
Herein we performed Power Spectral Density calculations 
of five reference sections of the Northern Highway and 
Princess Highways from minimal speed limit on the highway 
70km/h to maximal speed limit 110km/h. We used 
measurements of highway profile data presented by research 
group of Swinburn University. In Fig. 2, for reference 
purposes, we show Power Spectral Densities of of Northern 
and Princess highways (N11) at speeds 70km/h and 110km/h. 
All the considered sections have different quality profiles that 
can be roughly estimated while looking at their Power Spectral 
Densities. However, such a visual method allows to predict in 
advance which road will be the smoothest one. 
 Some notations of the experimental part of research: the 
weighting factors  corresponding to each evaluated 
frequency band 
iW
i
  were taken from the ISO 2631. Also, to 
avoid smooth in calculation, we counted frequencies i
  
having ISO 2631 weighting factor  more than 10%. Thus, 
we consider frequencies 
iW
i
  from the range 1 – 80 Hz. All the 
values of parameters of the considered quarter-car model are 
taken in respect of [12], where the tyre of a wheel is 
considered with no damping property . Also we assume that 
both masses  and 
1c
1 20m k g kg2 300m   are constant. The 
stiffnesses of springs here are taken 
# $1 135000,230000 ( / ),k N m" # $2 10000,25000 ( / )k N m"  
and viscosity of damper is # $2 1000,6000 ( sec/ )c H" m . 
Values for the spring  are stiffness of the car’s tyre, while it 
low pressured- 16PSI and over pressured - 44PSI. The limits 
of the box of the spring  and damper  are determined 
from the engineering point of view of suspension deflection, 
and using [12] as reference. Thus, we can represent box  
1k
2k 2c
# $ # $ # $135000,230000 , 10000,25000 1000,6000B  % .  
The computational results for the acceleration of mass for 
quarter-car model are presented in Tables 3.1, and 3.2 with 
different speeds of the vehicle. According to the standard ISO 
2631, there are three final criteria, which evaluate the 
exposure of the vibration transmitted to human. These ISO 
criteria show how many hours a human can feel vibration 
exposure with no health risks, with potential health risks, and 
when the health risks are likely. In this paper we mentioned 
values corresponding to “no health risk” criterion, as it is the 
most strict condition. For better presentation, ISO curve that 
defines limits of vibration exposures for different acceleration 
levels is shown in Fig. 3. 
 
Fig. 2: Spectral Densities of the reference section of the Northern Highway 
N11 at speed 70 km/h(left plot) and 110km/h(right plot) 
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TABLE 3.1. THE MINIMUM VALUES OF WEIGHTED ACCELERATIONS (M/SEC2) OF 
OBJECTIVE FUNCTION ACHIEVED BY FOUND OPTIMAL PARAMETERS OF 
DAMPER  AND SPRING  OF SUSPENSION, AND TYRE STIFFNESS  OF THE 
QUARTER- CAR MODEL FOR REFERENCE SECTIONS OF HIGHWAYS:  
2c 2k 1k
 
TABLE 3.2. HEALTH GUIDANCE CAUTION ZONES (B2) OF ISO 2631-1: TIME 
LIMITS (HOURS) OF VIBRATION EXPOSURE WITH NO HEALTH RISK CONDITIONS 
 FOR THE NUMERICAL RESULTS FROM TABLE 3.1 
 
No limit” value means that vibration exposure is not an issue 
for limitations of driving. In this case, probable issue can be 
natural fatigue due to long term riding.  
 
Fig. 3: ISO 2631: maximum vibration exposure time that corresponds to No 
Health Risk condition, depending on the target function value (bold curve) 
 
TABLE 3.3.  THE OPTIMAL PARAMETER VALUES  AND  OF SUSPENSION 
AND TYRE STIFFNESS  OF THE QUARTER- CAR MODEL FOR THE CONSIDERED 
SECTIONS OF HIGHWAYS 
2c 2k
1k
 
Vehicl
e speed 
range 
(km/h) 
Optimal 
values of 
the 
parameters 
Norther
n 
highway  
section 
N11 
Princess 
Highway 
section 
PER5A 
Princess 
Highway 
section 
PER3A 
Princess 
Highway 
section 
PEF8 
Princess 
Highway 
section 
PEF12 
1k (H/m) 135000 135000 135000 135000 135000 
2k (H/m) 10000 10000 10000 10000 10000 70 - 110 
2c  
(H sec/m) 1000 1000 1000 1000 1000 
Vehicle 
speed 
(km/h) 
Northern 
highway  
section 
N11 
(500m) 
Princess 
Highway 
section 
PER5A 
(600m) 
Princess 
Highway 
section 
PER3A 
(100m) 
Princess 
Highway 
section 
PEF8 
(500m) 
Princess 
Highway 
section 
PEF12 
(200m) 
70 0.124178 0.059687 0.274791 0.145587 0.197194 
75 0.137341 0.065509 0.282597 0.156769 0.206259 
80 0.135327 0.065463 0.345636 0.165585 0.210049 
85 0.140906 0.070024 0.350856 0.170265 0.221254 
90 0.146597 0.075152 0.366376 0.181341 0.224987 
95 0.156623 0.080017 0.384248 0.190326 0.231336 
100 0.173629 0.080441 0.423494 0.19978 0.237903 
105 0.177879 0.084598 0.49896 0.207804 0.296356 
110 0.187191 0.102431 0.503761 0.223344 0.299341 
Looking at the results in Table 3.3, we can find some 
important tendencies and observations: as we can see, to 
achieve the best comfort performance in vehicle on highways, 
the tyres should have minimal stiffness, as parameter  
remains at minimum in all the considered cases, and 
suspension system also required minimal stiffness of the 
spring . Damping factor  has lowest values of the 
considered box . So, it means that highway speed limit 
require the softest suspension settings for improved comfort 
level. This phenomenon will be analysed further, using more 
detailed model of the system Human – Vehicle – Road that 
will include a bio-mechanical model of a driver. That will 
allow better understanding of influencing vibrations on a 
driver’s body in moving vehicle.  
1k
2k 2c
B
Vehicle 
speed 
(km/h) 
Northern 
highway  
section 
N11 
Princess 
Highway 
section 
PER5A 
Princess 
Highway 
section 
PER3A 
Princess 
Highway 
section 
PEF8 
Princess 
Highway 
section 
PEF12 
70 
No limit No limit 
Up to 20 
hours No limit No limit 
75 
No limit No limit 
Up to 19 
hours No limit No limit 
80 
No limit No limit 
Up to 13 
hours No limit No limit 
85 
No limit No limit 
Up to 12 
hours No limit No limit 
90 
No limit No limit 
Up to 12 
hours No limit No limit 
95 
No limit No limit 
Up to 12 
hours No limit No limit 
100 
No limit No limit 
Up to 11 
hours No limit No limit 
105 
No limit No limit 
Up to 6 
hours No limit 
Up to 18 
hours 
110 
No limit No limit 
Up to 6 
hours No limit 
Up to 18 
hours 
From engineering point of view, it is very important 
to observe the influence of each parameter on the comfort 
level. In Figure 4 it is shown influence of stiffness of the tyre 
, suspension spring stiffness  and damping factor  on 
the comfort level for Northern and Princess highway sections. 
Weighted accelerations are on vertical axes, and horizontal 
axes are linked to boundaries of the box 
1k 2k 2c
# $ # $ # $135000,230000 , 10000,25000 1000,6000B  % .  
Analysing plots on Fig. 4, we can make the following 
important observations valid for any speed driven on 
highways: stiffness of the tyres doesn’t influence much on the 
comfort level of the vehicle; stiffness of the springs in 
suspension influences the comfort level considerably, and 
comfort level is extremely sensitive to the damping factors 
(damper viscosities).  
As far as we know, the quarter-car model that 
describes vibration influence on comfort level, defined by ISO 
standard “Mechanical vibration and shock – Evaluation of 
human exposure to whole-body vibration”, is a new 
methodology presented for the first time in this paper. 
However, some researches have been done in respect to 
particular engineering measurements and techniques where 
vibration analysis is associated with personal intuitive of 
engineer’s experience. A lot of opinions regarding comfort 
level are based on numerical methods and results with 
charging about comfort level intuitively. Such opinions on 
suspension tuning are possible to see in some past engineering 
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guides, suggesting adjustments of the suspension systems that 
differ from analytical results obtained in this paper. For 
example, in [14] it is stated that (i) “moving with stiff tyres 
along roads with a neat mirror-like surface can be more 
comfortable than with soft tyres.” Here, our results show that 
tyre should have minimal stiffness for best comfort 
performance, although tyre stiffness doesn’t influence much 
on comfort level in the vehicle on highways; (ii) “analysing 
formulae that determine dependence of the ride smoothness 
(the latter is associated with accelerations) upon parameters of 
the linear model, reveals that irrelevant to the road spectra, 
decreasing of the spring stiffness is favourable for the ride 
comfort.” Our results prove this statement for all considered 
highway sections at all speeds from 70km/h to 110km/h; 
(iii)”it was observed that a road micro-profile considerably 
influences the optimal parameters of the damper, and the 
optimal damper viscosity is increased with the speed of the 
vehicle.” Looking at the corresponding plots on Fig.4, we can 
see that either for minimal speed on highway 70km/h, or 
maximal allowed speed 110km/h, the damper viscosity should 
remain at minimal values to provide the lowest accelerations 
of the vehicle’s body.  
Here it is important to mention that current research is 
targeted to improve comfort level for a driver and passengers 
of the vehicle in terms of health conditions, defined by 
standard ISO 2631. Analysis of the vehicle behaviour on the 
road requires consideration of the particular suspension type 
with the kinematic schemes that include horizontal and lateral 
deflections. We have to notice, that we did not include 
consideration of handling and steering problems into research 
scope, as together with health risk criteria, considered in this 
paper, the problem of optimization of the steering parameters 
leads to multi-criterial optimization. As far as we know, 
optimization of an objective function of both improved 
comfort level and advanced steering performance is yet to be 
developed.  
IV. CONCLUSIONS  
The presented paper makes a contribution to 
vibration analysis in automotive engineering by evaluation of 
the vibration exposure transmitted from a road profile to a 
driver or passenger of the vehicle, using methodology of the 
standard ISO 2631. Particularly, obtained numerical results 
and tendencies of influence parameters of suspension system 
on comfort level are well expected from the engineering point 
of view. Therefore, we can conclude that the considered 
model is suitable for vibration analysis and optimization of 
suspension system of vehicle.  
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Fig. 4.  Influence of tyre stiffness (first two plots), suspension spring stiffness 
(third and fourth plots) and damping factor (last two plots) on ISO 2631 
weighted accelerations for reference sections of Northern and Princess 
highways correspondingly. Pink lines show changed levels of accelerations at 
top speed 110km/h and blue lines show changed levels of acceleration at 
minimal considered speed 70km/h 
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5. Optimization of the advanced suspension 
system with inerter device 
 
In this chapter further vibration analysis of the quarter-car model based on Kelvin 
elements is performed. An advanced suspension system equipped with the patented 
inerter device is considered;  inerter is designed to reduce vibrations in the vehicle and 
improve comfort levels. In the numerical examples suspensions equipped with inerters 
with various masses are analysed. The results obtained show that any inerter influence 
on comfort levels is insignificant. Therefore, no further analysis will be performed with 
inerter in this PhD research. 
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Abstract In this paper, we analyze an improved suspension system with the incorporated inerter device of
the quarter-car model to obtain optimal design parameters for maximum comfort level for a driver and pas-
sengers. That is achieved by ﬁnding the analytical solution for the system of ordinary differential equations,
which enables us to generate an optimization problem whose objective function is based on the international
standards of admissible acceleration levels (ISO 2631-1, Mechanical Vibration and Shock—Evaluation of
Human Exposure to Whole-Body Vibration–Part 1, 1997). The considered approach ensures the highest level
of comfort for the driver and passengers due to a favorable reduction in body vibrations. Numerical examples,
based on actually measured road proﬁles, are presented at the end of the paper to prove the validity of the
proposed approach and its suitability for the problem at hand.
Keywords Ride comfort · Vehicle suspension · Road proﬁle variation · Multibody systems · Optimization
1 Introduction and literature review
The problem of ﬁnding optimal parameters of the vehicle suspension systems has been investigated by many
researchers in the ﬁeld of automotive engineering, e.g. [1] and [2]. The works presented in [3–8] feature
good examples of efforts devoted to different methodologies of ﬁnding optimal parameters of suspensions
with constant harmonic excitations. These papers utilize well-known numerical and ﬁnite element methods
to obtain optimal parameters for designed models. On the other hand, [9] presents an outstanding input into
the suspension problem by analyzing and optimizing vibrations of the two-mass quarter-car suspended by
different types of linear elastic elements containing the innovative inerter device. The inerter characteristics
and scheme design are presented in [9]: it is a simple rack-and-gear mechanism with a ﬂywheel to reduce
inertial forces caused by vibrations.
Our literature survey, thus far, suggests that the ISO standards on the evaluation of vibration accelerations
[10] have not been utilized for the optimization procedure despite their great importance to the minimization
of driver fatigue and the associated health hazards. Optimal results based on these standards would attain high
levels of comfort, particularly, for long-term exposure to vertical accelerations. In this paper, we endeavor
to address this current gap by formulating the optimization problem in terms of the ISO stipulated require-
ments. The mathematical nature of these requirements calls for innovative manipulation and builds up of
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the optimization models as will be evident later in the paper. In this work, we use real road proﬁles for the
optimization procedure that allows us to obtain credible results for the suspension problem.
We chose to employ the quarter-car model due to its being well understood in automotive engineering as
suggested in [3] and [8]. For this model, an analytical closed-form solution will be obtained for the steady-state
vibrations before an objective function is deﬁned based on the ISO formulae. A search will then be conducted
for the global minimum of the function with respect to the spring stiffness and the damping coefﬁcient of the
suspension damper. We then present several numerical examples at the end of the paper to demonstrate the
validity of the approach and its suitability for the optimization of parameters of suspension system.
It is worthy of noting here that themain theme of this paper is the prevention of driver fatigue and associated
health risks rather than a comprehensive dynamical study on the vehicle behavior on the road. In addition to the
effects of lateral and vertical elasticity, such a study may require attention to the particulars of the kinematics
and dynamics of both the suspension and steering linkages. This is beyond the scope of our current paper since
it may divert effort and attention from the major objective.
This paper is structured in such a fashion that initially we introduce the problem and present the main stages
of model development before numerical examples and results are discussed. Conclusions are then offered at
the end of the paper.
2 Formulation of optimization problem
2.1 Quarter-car model based on Kelvin elements
In this paper, we consider a quarter-car model consisting of twoKelvin elements, where the uppermass M2 rep-
resents the body of the vehicle and the lower mass M1 is the unsprung mass of the wheel and other suspension
parts. The principle concept of the quarter-car model is depicted in Fig. 1.
Herein, we construct an analytical solution for the case where a harmonic (vertical) deﬂection u(t) =
A exp(iωt) is applied to the support of the lower mass M1, where A is the amplitude of harmonic deﬂection of
the support and ω is the circular frequency at which the deﬂection is applied. We shall also consider the gravity
forces M1g and M2g of the corresponding masses. In the course of the analysis, we make the assumption that
springs and dashpots used in this model are weightless and have linear time-independent characteristics. The
governing second-order equations for the considered case are{
M1 x¨1 + C1 x˙1 + K1x1 + B2 (x¨1 − x¨2) + C2 (x˙1 − x˙2) + K2 (x1 − x2) = C1u˙(t) + K1u(t) − M1g,
M2 x¨2 + B2 (x¨2 − x¨1) + C2 (x˙2 − x˙1) + K2 (x2 − x1) = −M2g (1)
where x1 and x2 are deﬂections measured from the undisturbed state. In the above equations, C1 and C2 are
the viscous damping coefﬁcients, K1 and K2 are the spring rates, and B2 is the “inertance” coefﬁcient where
all constants are independent of x1, x2, x˙1, x˙2, and time t .
The obvious general physical reasons imply
B2 > 0, Mq > 0, Cq ≥ 0, Kq ≥ 0, q = 1, 2. (2)
2.2 Deﬂection of the support and analytical solutions for quarter-car model
Introducing new variables v1 = x˙1, v2 = x˙2 and denoting X = (x1, x2, v1, v2)T , we can transform Eqs. (1)
into the following system of four ODEs of the ﬁrst order:
˙X = G · X + Ph(t) + Pg(t), (3)
where
G =
⎛
⎜⎜⎜⎜⎝
0 0 1 0
0 0 0 1
−M2K1+M2K2+B2K1D M2K2D −M2C1+M2C2+B2C1D M2C2D
M1K2−B2K1
D −M1K2D M1C2−B2C1D −M1C2D
⎞
⎟⎟⎟⎟⎠
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Fig. 1 Quarter-car model based on Kelvin elements and inerter device
Ph(t) =
⎛
⎜⎜⎜⎜⎝
0
0
M2+B2
D (C1u˙(t) + K1u(t))
B2
D (C1u˙(t) + K1u(t))
⎞
⎟⎟⎟⎟⎠ ; Pg(t) =
⎛
⎜⎜⎝
0
0
−g
−g
⎞
⎟⎟⎠ (4)
D = M1M2 + B2 (M1 + M2)
In (4),G is the system state matrix vector, loading vector Ph(t) is associated with the harmonic deﬂection, and
vector Pg(t) corresponds to constant gravity forces of both masses.
Now, we derive analytical solution of (3). This solution can be expressed in the following form (see for
example [11]):
X(t) = ( jωI − G)−1 ·
( Ph(t) + Pg(t)) (5)
where j = √−1.
The solution of Eq. (5) for each of two masses in the case of harmonic and constant gravity deﬂections is
as follows [11]:{
x1(t) = D
(
K2 − ω2 (M2 + B2) + jωC2
) jωC1+K1
d A exp( jωt) − g M1+M2K1
x2(t) = D
(
K2 − ω2B2 + jωC2
) jωC1+K1
d A exp( jωt) − g M1K2+M2K2+M2K1K1K2
(6)
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Table 1 Principal frequency weighting coefﬁcients for vertical direction accelerations of the standard ISO 2631 (1997)
Frequency band number Frequency ω (Hz) Principal frequency weightings Wi
−7 0.2 0.121
−6 0.25 0.182
… … …
0 1 0.482
1 1.25 0.484
2 1.6 0.494
… … …
7 5 1.039
8 6.3 1.054
9 8 1.036
… … …
19 80 0.132
where
δ = D (ω4D − jω3 (B2C1 + M1C2 + M2C1 + M2C2)
− ω2 (M2K1 + M1K2 + B2K1 + M2K2 + C1C2) + jω (C1K2 + C2K1) + K1K2
) (7)
In obtained solutions (6), ﬁrst two expressions on the right-hand side correspond to harmonic deﬂections and
last term is the constant gravity deﬂection.
Taking the second derivative of (6), we can ﬁnd the acceleration, a1(t) and a2(t), of the two systemsmasses
as follows: {
a1(t) = −ω2D
(
K2 − ω2 (M2 + B2) + jωC2
) jωC1+K1
δ
A exp( jωt)
a2(t) = −ω2D
(
K2 − ω2B2 + jωC2
) jωC1+K1
δ
A exp( jωt) . (8)
Formula (8) can be used for evaluation of vertical accelerations at any ﬁxed single frequency ω.
2.3 Vibration-based objective function
According to the ISO 2631 standards [10], vibration evaluation includes measurements of a weighted
root-mean-square (r.m.s.) acceleration which we will denote as E . In general, the vibration spectrum con-
sists of n independent bands with corresponding frequencies ωi , where i = 1, 2, . . . , n. According to the
methodology provided by ISO, a weighting coefﬁcient Wi , i = 1, 2, . . . , n, should be applied to the accel-
eration associated with each frequency ωi . The values of Wi as suggested by the ISO 2631 are given in
Table 1.
The international code ISO 2631 deﬁnes the r.m.s. weighted acceleration E by the following formula:
E =
⎛
⎝ 1
T
T∫
0
b2(t)dt
⎞
⎠
1
2
(9)
where T is the duration of measurement and b(t) is the frequency-weighted acceleration which is given as
follows
b(t) =
(
n∑
i=1
(Wi yi (t))2
) 1
2
(10)
where each steady-state vibration acceleration yi (t) is calculated in m/s2, see [10].
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Herein, our target is to ﬁnd the spring constants and damper coefﬁcients, which ensure the minimal value
for the r.m.s. weighted acceleration E for the body of the vehicle. This leads to the following optimization
problem
Minimize: F (K1, K2,C1,C2, B2) =
⎛
⎝ n∑
i
W 2i
1
T
T∫
0
yi (t)2dt
⎞
⎠
1
2
(11)
Subject to : K1, K2,C1,C2, B2 ∈  (12)
Herein,  represents the box constraint for the optimization parameters K1, K2,C1,C2, B2.
2.4 Steady-state vibrations
In this paper, our focus is the steady-state part of the acceleration of the vehicle body associated with different
frequencies ωi , i = 1, . . . , n, that is
a2i (t) = −ω2i D
(
K2 − ω2i B2 + jωiC2
) jωiC1 + K1
δi
A exp( jωi t).
The steady-state part of a2i (t) can be obtained by considering the real part of the acceleration of the upper
mass and will be denoted by yi (t) = Re (a2i (t)).
Therefore, to calculate r.m.s. weighted acceleration E (9) and the frequency-weighted acceleration b(t)
(10), we need to obtain the corresponding steady-state harmonic acceleration yi (t) of the uppermass associated
with weighting coefﬁcient Wi . So, ﬁrst we introduce the integral (over some time interval T ) of the squared
real part of acceleration as follows:
Si (T ) = 1T
T∫
0
y2i (t)dt =
1
T
T∫
0
(αi Hi + βi Li )2 dt (13)
where
Hi = Aiω2i (C1ωi cos(ωi t) + K1 sin(ωi t))
Li = Aiω2i (K1 cos(ωi t) − ωiC1 sin(ωi t))
αi = RiωiC2 − Qi K2 + Qiω
2
i B2
(Qi )2 + (Ri )2 (14)
βi = Riω
2
i B2 − QiωiC2 − Ri K2
(Qi )2 + (Ri )2
Qi = ωi
(
C1K2 + C2K1 − ω2i (C1M2 + C2M1 + C2M2 + B2C1)
)
Ri = K1K2 − ω2i (C1C2 + K1M2 + K2M1 + K2M2 + B2K1) + ω4i D
After some transformations, the integral in (13) can be represented in the following form:
Si (T ) = A2i ω4i
[
Ui
(
1
2
− sin(2ωi T )
4Tωi
)
+ Vi
(− cos(2ωi T )
4Tωi
)
+ Xi
(
1
2
+ sin(2ωi T )
4Tωi
)]
(15)
where
Ui = (αi K1 + βiωiC1)2
Vi = α2i ωi K1C1 + αiβi K 21 − αiβiω2i C21 − β2i ωi K1C (16)
Xi = (αiωiC1 + βi K1)2
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It can be observed that the terms in Eq. (15) associated with sin(2ωi T )T and cos(2ωi T )T will tend to zero when
considering large time periods of driving, i.e. at T → ∞. Taking the time limit in (15) yields
S˜i ≡ lim
T→∞ Si (T ) =
ω4i A
2
i
(
ω2i C
2
1 + K 21
) (
ω2i C
2
2 +
(
K2 − ω2i B2
)2)
2
(
R2i + Q2i
) (17)
Thus, for large time periods, the objective function (11) can be approximated by replacing Si (T ) with its
time limit S˜i yielding:
F˜ (K1, K2,C1,C2, B2) =
(
n∑
i
S˜iW 2i
) 1
2
, (18)
where n is the number of band frequencies present in the vibration spectrum.
Therefore, we obtain the following optimization problem:
Minimize: F˜ (K1, K2,C1,C2, B2) (19)
Subject to : K1, K2,C1,C2, B2 ∈  (20)
In contrast to (11), (12), problem (19), (20) involves steady-state solutions only and does not depend on
the duration of measurement T . Note that this is very important as it can provide an optimal solution(
K ∗1 , K ∗2 ,C∗1 ,C∗2 , B∗2
)
for the parameters of the car suspension system that does not depend on the mea-
surement time T . On the other hand, problem (19), (20) is an approximation of problem (11), (12) when
T → ∞, that is, this optimal solution can be interpret as an “almost” optimal solution to (11), (12) as well for
large duration periods of measurements.
Problem (19), (20) is a highly nonlinear optimization problem having many local optimal solutions. That
is why, we need to apply global optimization algorithms to ﬁnd a global optimal solution to (19), (20). In the
numerical experiments below, we will use the Algorithm for Global Optimization Problems (AGOP), intro-
duced in [12]. This global optimization algorithm is designed for solving continuous optimization problems
with deﬁned box constraints. The efﬁciency of the algorithm has been demonstrated in solving many difﬁcult
practical problems (see [13] and references therein).
3 Numerical examples
Herein, we perform Power Spectral Density calculations of three sections of rural roads for typical speed
limits that range from 60 to 100km/h. In this paper, we used road proﬁles of the following roads: Alfred street,
Wendouree Parade street, and Ring Road, Ballarat, Victoria, Australia. Road proﬁles data were provided by
the School of Science and Engineering, University of Ballarat. (Fig. 2)
Considering vibration spectra of the given road proﬁles, we used frequencies ωi from the range 0.2–80Hz,
which are associated with weighting values Wi more than 0.1 as per the ISO 2631, see Table 1. This allowed
us to avoid a number of speciﬁc frequencies with minor inﬂuence on the ride comfort level. The values of
various quarter-car model parameters are taken in reference to [14]. In many publications, for example [1]
and [15], the tire of the wheel is considered as a structure with no damping properties, i.e.C1 = 0. Particularly,
in [15], it is stated that a typical pressured tire exhibits negligible damping values, and it can be considered
as a component of the wheel with stiffness only. Therefore, in the numerical examples when solving problem
(19), (20), this parameter is ﬁxed by setting C1 = 0 that neglects damping properties of the tire.
Also, we consider several scenarios to evaluate the inﬂuence of the mass of the vehicle body on comfort
level. Therefore, ﬁxing M1 = 20kg we deﬁne three mass ratios M2M1 = [15; 20; 25]. The domains assumed for
the springs constants are given as K1 ∈ [180000, 240000](N/m), K2 ∈ [10000, 25000](N/m), the coefﬁcient
of the damper is given as C2 ∈ [2000, 4000](N sec /m), B2 ∈ [0, 4](kg). The minimum value of the spring
stiffness, K1, corresponds to a low pressure tire (24 psi), and the maximum value corresponds to an over-
inﬂated tyre (44 psi). The limiting values imposed on the constants of spring K2, damper C2, and inerter B2
are determined from the engineering point of view of suspension deﬂection using [14] as reference. Thus, we
can represent a constrain box as  = [180000, 240000], [10000, 25000], [2000, 4000], [0, 4].
Performing optimization procedure using AGOP software and ﬁnding global solution, we can ﬁnd optimal
parameters of the tire stiffness K1, suspension spring K2, damper C2, and inerter to achieve minimum values
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Fig. 2 Measured road proﬁles of Alfred street (top curve), Wendouree Parade street (middle curve), and Ring Road (bottom
curve). Vertical axes show unevenness amplitudes, horizontal axes show number of points in road proﬁle (length of the measured
proﬁles are equal to 100m)
Table 2 The optimal parameter values C2, K2 and B2 of suspension and tyre stiffness K1 of the quarter-car model for the
considered sections of roads
Vehicle speed range (km/h) Optimal values of the parameters Alfred street Wendouree Parade street Ring Road
60–100 K1 (N/m) 180000
K2 (N/m) 10000
C2 (N s/m) 2000
60 B2 (kg) 0.512 0.524 0.395
65 0 0 0
70 0 0 0
75 0 0 0.524
80 0.861 0 0.558
85 0.951 0 0
90 0.425 0 0.145
95 0 0 0.548
100 1.171 0 0.403
of the objective function of the upper mass of the quarter-car model on the considered roads of the city of
Ballarat. Optimal values found of the parameters K1, K2, C2 and B2 for all three mass ratios are given in
Table 2.
In Fig. 3, we listed minimum values of objective function (m/s2) which correspond to the optimal param-
eters of the inerter B2, damper C2, suspension spring K2, and tire stiffness K1 of the quarter-car model for the
analyzed mass ratios M2M1 .
According to the code presented in the ISO 2631, the criterion employed to evaluate the intensity of vibra-
tion transmitted to a human is based on the length of time (in hours) over which exposure to vibration results
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Fig. 3 The minimum values of objective function (m/s2) corresponding to optimal parameters of the inerter B2, damper C2,
spring of suspension K2, and tire stiffness K1 of the quarter-car model on Ballarat roads for the considered mass ratios M2M1
in no health risks (NH), potential health risks (PR) or likely health risks (HR). For better presentation, the ISO
curves which deﬁne these three levels of vibration exposure are shown in Fig. 4.
In Table 3, we represent vibration exposure in the NH, PR, and HR criteria for one scenario M2M1 = 15(Fig. 3) using ISO chart shown in Fig. 4.
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Fig. 4 Maximum vibration exposure time (hours) that corresponds to NoHealth Risk condition, Potential Health Risk, and Health
Risk is likely in accordance with ISO2631
Table 3 Health guidance caution zones (B2) of ISO 2631-1: time limits (hours) of vibration exposure with No Health Risk
conditions (NH), Potential Risk conditions (PR), and Health Risk conditions (HR) for the scenario when M2M1 = 15
Vehicle speed (km/h) Alfred street Wendouree Parade street Ring Road
NH PR HR NH PR HR NH PR HR
60 6 6–17 17–24 7 7–18 18–24 12 10–24 24
65 6 6–17 17–24 7 7–28 18–24 12 10–24 24
70 6 6–17 17–24 7 7–28 18–24 12 10–24 24
75 5 5–14 14–24 7 7–28 18–24 12 10–24 24
80 5 5–14 14–24 7 7–18 18–24 12 10–24 24
85 4 4–12 12–24 6 6–18 18–24 11 11–24 24
90 4 4–12 12–24 5 5–14 14–24 11 11–24 24
95 3 3–11 11–24 5 5–14 14–24 11 11–24 24
100 3 3–11 11–24 5 5–14 14–24 11 11–24 24
The results in Table 2 reveal some tendencies and suggest some conclusions. For example, to achieve
the best comfort performance in vehicle on rural roads, the tires should have minimal stiffness, as parameter
K1 remains at minimum in all the considered cases. On the other hand, suspension systems require minimal
stiffness of the spring K2 as the damping coefﬁcient C2 remains at the lowest values of the deﬁned box .
Also, inerter B2 should have values closed to the lowest boundary of the box  to provide minimum values of
the objective function. So, it means that any speed on rural roads requires the softest suspension settings for
improved comfort level.
At the same time, the results presented in Fig. 3 show that heavier body of the vehicle leads to the lower
accelerations and provides higher comfort level. This fact can be easily investigated analytically analyzing
formula (17) and (14).
From an engineering point of view, it is very important to observe the inﬂuence of each parameter on
the comfort level. Figure 5 shows the inﬂuence of the tire stiffness, suspension spring stiffness, damping
coefﬁcient, and the inerter mass on the comfort level. To evaluate inﬂuence of each parameter on comfort
level, we used as a reference Alfred Street road proﬁle at a driving speed of 60km/h in the case when mass
ratio M2M1 = 15. In particular, on the top plot, we can see the inﬂuence of the tire stiffness, K1, on the com-
fort level, while the parameters K2, C2 and B2 are ﬁxed at minimum values within box . The second
plot shows the inﬂuence of suspension spring stiffness, K2, on the comfort level, when other three param-
eters K1, C2 and B2 remain at the lowest boundaries of the considered box . The third plot depicts the
inﬂuence of the damping coefﬁcient C2 on the comfort level, with parameters K1, K2 and B2 ﬁxed at
their minimum values within the considered boundaries. The bottom plot reﬂects the inﬂuence of the inerter
coefﬁcient B2 on the comfort level, while other parameters K1, K2 and C2 remain at the lowest bound-
aries.
Figure 5 reveals that for any driving speed, on rural roads, the stiffness of the tires, and mass of the inerter
of the suspension system do not affect the comfort level of the vehicle as much as the stiffness of the suspension
springs do. On the other hand, the comfort level is very sensitive to the viscous damping coefﬁcients. These
results generally agree with the concepts suggested in [15].
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Influence of tyre stiffness on comfort level
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
180000 190000 200000 210000 220000 230000 240000
Tyre stiffness (N/m)
W
ei
gh
te
d 
Ac
ce
le
ra
tio
n
Influence of suspension spring stiffness on comfort level
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
25000200001500010000
Suspension spring stiffness (N/m)
Influence of damping factor on comfort level
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
40003500300025002000
Damping factor (N*sec/m)
Influence of inertner mass on comfort level
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
43210
Inertner mass (kg)
(m
/se
c2
)
W
ei
gh
te
d 
Ac
ce
le
ra
tio
n
(m
/se
c2
)
W
ei
gh
te
d 
Ac
ce
le
ra
tio
n
(m
/se
c2
)
W
ei
gh
te
d 
Ac
ce
le
ra
tio
n
(m
/se
c2
)
Fig. 5 Inﬂuence of tyre stiffness, stiffness of the suspension spring, damping factor, and inerter mass on objective function values
(ISO 2631 weighted accelerations)
4 Conclusions
This paper presents a contribution to vibration analysis in automotive engineering by evaluating the vibration
transmitted from road proﬁle variations to a driver or a passenger of a vehicle. A mathematical model is
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constructed and manipulated to calculate the steady-state component of the transmitted vibration. This model
is then optimized, in reference to the standard ISO 2631, to obtain suitable values for the suspension system
parameters. Numerical results reveal information on how different parameters affect the comfort level of a
road vehicle. The considered model is suitable for vibration analysis and optimization of vehicle suspension
system.
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6. Optimization of the suspension system for 
improved comfort riding and advanced 
steering properties of the vehicle 
 
 
In this chapter a common quarter-car model based on Kelvin elements analysed in the 
previous publications is utilized for both improved comfort levels and advanced 
steering properties of the vehicle. The method introduced ensures comprehensive 
analysis of the quater-car model. The numerical results obtained reveal a clear influence 
on parameters of the suspension system, steering properties and ride comfort, which is 
useful for tuning of the suspension system for various driving conditions. 
Note that the method developed here will be used in the next chapters. 
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Analysis of the suspension system of the quarter-car model 
for improved comfort level and advanced handling 
performance  
 
 
Abstract: In this paper we analyze a quarter-car model to obtain optimal design 
parameters for the vehicle suspension system for improved comfort level and advanced 
steering performance. This is achieved by finding steady state solutions for the system 
of Ordinary Differential Equations (ODE), which enables us to generate optimization 
problems for smooth riding. The objective function of the improved comfort level is 
based on the international standards of admissible acceleration levels (ISO 2631). At the 
same time, the problem of steering properties of the vehicle is considered to provide 
advanced handling performance on different roads. Such a complex approach ensures 
the highest level of comfort for the driver and a favorable reduction in body vibrations, 
as well as advanced handling performance on Australian roads. Numerical examples, 
based on actually measured road profiles, are presented at the end of the paper to prove 
the validity of the proposed approach and its suitability for the problem at hand.  
 
 
Keywords: ride comfort, vehicle suspension, handling control, road profile, multibody 
system, optimization  
 
 
1. Introduction and literature review  
 
The problem of finding optimal parameters of the vehicle suspension systems 
has been investigated by many researchers in the field of automotive engineering, e.g. 
(Chen and Huang, 2005; Harris’, 2002). The works presented in (Georgiou, Verros, and 
Natsiavas, 2007; Metallidis, Verros, and Natsiavas, 2003; Papalukopoulos, Giadopulos, 
and Natsiavas, 2005; Papalukopoulos, Theodosiou, and Natsiavas, 2006; Verros, 
Goudas, and Natsiavas, 2000; Verros, Nastiavas, and Papadimitriou, 2005) feature good 
examples of efforts devoted to different methodologies of finding optimal parameters of 
suspensions with constant harmonic excitations. These papers utilize well known 
numerical and Finite Element methods to obtain optimal parameters for designed 
models. On the other hand, Schiehlen (2006) presents an outstanding input into the 
suspension problem by analyzing and optimizing a quarter-car model with respect to 
handling performance. The author constructs four-dimensional optimization problem for 
finding optimal parameters of the suspension system.  
Our literature survey, thus far, suggests that the ISO (1997) standards on the 
evaluation of vibration accelerations have not been utilized for the optimization 
procedure despite their great importance to the minimization of driver fatigue and the 
associated health hazards. Optimal solutions based on these standards would attain high 
levels of comfort, particularly, for long-term exposure to vertical accelerations. In this 
paper we endeavor to address this current gap by formulating an optimization problem 
in terms of the ISO stipulated requirements. The mathematical nature of these 
requirements calls for innovative manipulation and build up of the optimization models 
as will be evident later in the paper. In this work, we use real road profiles for the 
optimization procedure which allows us to obtain credible results for the suspension 
problem. At the same time, in this paper we consider the problem of advanced handling 
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of the vehicle die to reduction of harmonic impact applied to the wheel. This method of 
determining handling performance of the vehicle is based on concepts presented in 
(Schiehlen, 2006). 
We chose to employ the quarter car model due to its being well-understood in 
automotive engineering as suggested in (Georgiou, Verros, and Natsiavas, 2007) and 
(Verros, Nastiavas, and Papadimitriou, 2005). For this model, an analytical closed-form 
solution will be obtained for the steady state vibrations before an objective function is 
defined based on the ISO (1997) formulae. For handling performance an additional 
objective function will be introduced to improve steering properties of the vehicle. A 
search will then be conducted for the global minimum of the function with respect to the 
spring stiffness and the damping coefficient of the suspension damper. We then present 
several numerical examples at the end of the paper to demonstrate the validity of the 
approach and its suitability for the optimization of parameters of suspension system. 
The developed methodology based on international standard ISO (1997) will be used to 
estimate safety riding time with improved steering properties on different Australian 
roads 
This paper is structured in such a fashion that initially we introduce the problem 
and present the main stages of model development before numerical examples and 
results are discussed. Conclusions are then offered at the end of the paper. 
 
2. Formulation of optimization problem  
2.1. Quarter-car model based on Kelvin elements  
Kelvin element is the most widespread viscoelastic element used for the 
modeling of vehicle suspension and human muscular-skeletal structures. Here we 
consider a quarter-car model consisting of two Kelvin elements. In the model, the upper 
mass, 2M , represents the body of the vehicle and the lower mass, 1M , is the unsprung 
mass of the wheel and other suspension parts. The principle concept of the quarter-car 
model is depicted in Figure 1.  
Figure 1. Quarter-car model based on Kelvin elements 
 
In the course of the analysis, we make the assumption that springs and dashpots 
used in this model are weightless and have linear time-independent characteristics. The 
corresponding ODEs for the freely vibrating masses are as follows  
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1 1 1 1 1 1 2 1 2 1 2 2 2 2
2 2 2 2 2 2 2 1 2 1
0
0
M x C x K x C x K x C x K x
M x C x K x C x K x
+ + + + − − =

+ + − − =
   
  
, (1) 
where 1x  and 2x  are deflections measured from the undisturbed state  In the above 
equations, 1C  and 2C  are the viscous damping coefficients and 1K  and 2K  are the 
spring rates where all constants are independent of 1 2 1 2, , ,x x x x  , and time t .  
The obvious general physical reasons imply  
0, 0, 0, 1,2q q qM C K q> ≥ ≥ = . (2) 
 
2.2. Deflection of the support and analytical solutions for quarter-car model 
Herein, we construct an analytical solution for the case where a harmonic 
(vertical) deflection ( ) exp( )u t A i t= ω  is applied to the support of the lower mass 1M , 
where A  is the amplitude of harmonic deflection of the support and ω  is the circular 
frequency at which the deflection is applied. We shall also consider the self-weights, 
1M g  and 2M g , of the corresponding masses. The governing second order equations 
for the considered case are 
1 1 1 1 1 1 2 1 2 2 1 2 1 1 1
2 2 2 2 1 2 2 1 2
( ) ( ) ( ) ( )
( ) ( )
M x C x K x C x x K x x C u t K u t M g
M x C x x K x x M g
+ + + − + − = + −

+ − + − = −
    
  
. (3) 
Introducing new variables 1 1 2 2,v x v x= =   and denoting  
( )1 2 1 2, , , TX x x v v=  
we can transform (3) to the following system of four ODEs of the first order 
( )X X P t= ⋅ +G   , (4) 
where 
1 2 2 1 2 2
1 1 1 1 1 1
2 2 2 2
2 2 2 2
1 1
1 1
0 0 1 0
0 0 0 1
0
0
( ) ( ) ( )
K K K C C C
M M M M M M
K K C C
M M M M
P t C K
u t u t g
M M
g
 
 
 
 
− − − −=  
 
 
− −  
 



      
=   + −     
−  

G


 (5) 
where G  is the system state matrix and the vector ( )P t  represents the external loads 
applied to both masses of the model.  
Now, we consider the partial solution which corresponds to the system external 
loads. This solution can be expressed in the following form; see, for example, 
(Zwillinger, 1997) 
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1( ) ( ) ( )X t j P t−= ω − ⋅I G   (6) 
where 1j = − .  
Here, the loading vector, ( )hP t

, which is associated with periodic deflections is 
as follows  
1 1
1 1
0
0
( ) ( ) ( )
0
hP t C K
u t u t
M M
 
 
 
 =  
+  
  
 
 


. (7) 
The solution of (6) for each of two masses in the case of harmonic deflections (7) is as 
follows; see (Zwillinger, 1997) 
2 1 1
1 2 2 2
1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
j C K
x t M j C K A j t
d
j C K
x t j C K A j t
d
ω +
= −ω + ω + ω

ω + = ω + ω

, (8) 
where  
4 3
1 2 1 2 2 1 2 2
2
1 2 1 2 2 1 2 2 1 2 2 1 1 2
( )
( ) ( )
d M M j M C M C M C
C C M K M K M K j C K C K K K
= ω + ω − − − +
ω − − − − + ω + +
. (9) 
The loading vector, gP

, which corresponds to the self-weights has the following 
representation 
( )0,0, , TgP g g= − − . (10) 
So, the solution of (6) that corresponds to gP

is as follows  
( )
1 2
1
1
1 2 2 1 2
2
1 2
g
g
M M
x g
K
M K M K K
x g
K K
+
=


+ +
=

. (11) 
Thus, summarizing both the periodical and non-oscillating solutions of (8) and (11), we 
obtain the overall partial solution for the mass deflections as follows 
( )
2 1 1 1 2
1 2 2 2
1
1 2 2 1 21 1
2 2 2
1 2
( ) ( ) exp( )
( ) ( ) exp( )
j C K M M
x t M j C K A j t g
d K
M K M K Kj C K
x t j C K A j t g
d K K
ω + +
= −ω + ω + ω +


+ +ω +
= ω + ω +

 (12) 
Taking the second derivative of (12) we can find the acceleration, 1( )a t  and 2( )a t , of 
the two systems masses as follows 
2 2 1 1
1 2 2 2
2 1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
j C K
a t M j C K A j t
d
j C K
a t j C K A j t
d
ω +
= −ω −ω + ω + ω

ω + = −ω ω + ω

 (13) 
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Formula (13) can be used for the evaluation of vertical accelerations for any fixed single 
frequency ω . In this paper, our focus is the steady state parts of the acceleration of the 
wheel 1( )a t  and the acceleration of the vehicle body 2( )a t . This is obtained by 
considering only the real part of these accelerations that will be denoted by 
( )1( ) Re ( )z t a t=  and ( )2( ) Re ( )y t a t= .  
We will also consider different frequencies , 1,...,i i nω =  and the associated 
accelerations 1 ( )ia t  and 2 ( )ia t .  
2 2 1 1
1 2 2 2
2 1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
i
i i i i i i
i
i
i i i i i
i
j C K
a t M j C K A j t
d
j C K
a t j C K A j t
d
 ω +
= −ω −ω + ω + ω


ω +
= −ω ω + ω

 (14) 
Therefore, using (14) we denote the real part of the accelerations 1 ( )ia t  and 2 ( )ia t  as 
( )1( ) Re ( )i iz t a t=  and ( )2( ) Re ( )i iy t a t= . 
 
2.3. Vibration-based objective function  
According to the ISO (1997) standards , vibration evaluation includes 
measurements of a weighted root-mean-square (r.m.s) acceleration which we will 
denote as E . In general, the vibration spectrum consists of n  independent bands with 
corresponding frequencies iω , where 1,2,...i n= . According to the methodology 
provided by ISO, a weighting factor iW , 1,2,...i n=  should be applied to the 
acceleration associated with each frequency iω . The values of iW  as suggested by the 
ISO 2631 are given on Figure 2.  
 
Figure 2. Principal frequency weighting coefficients for vertical direction accelerations 
of the standard ISO 2631 (1997) 
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For each frequency iω , we can obtain a corresponding harmonic acceleration, ( )iy t , of 
the upper mass defined by (13), each is associated with a weighting coefficient iW . 
The international code ISO 2631 defines the r.m.s weighted acceleration E  by 
the following formula  
1
22
0
1 ( )
T
E b t dt
T
 
 =
 
 
∫ , (15) 
where T  is the duration of measurement, and ( )b t is the frequency-weighted 
acceleration which is given as follows  
1
22
1
( ) ( ( ))
n
i i
i
b t W y t
=
 
=   
 
∑ . (16) 
Combining (15) and (16) we obtain the following expression 
1 1
2 22 2
0
1 ( ( )) ( )
T
i i i i
i i
E W y t dt W S T
T
   
 = =       
∑ ∑∫ , (17) 
where 
2
0
1( ) ( )
T
i iS T y t dtT
= ∫  (18) 
where each translational vibration acceleration, ( )iy t , is calculated in 2m/sec , see [10]. 
Herein, our target is to find the spring constants and damper coefficients which 
ensure the minimal value for the r.m.s weighted-acceleration E  for the body of the 
vehicle. This leads to the following optimization problem 
1
22 2
1 2 1 2
0
1Minimize: ( , , , ) ( )
Tn
i i
i
E K K C C W y t dt
T
 
 =
 
 
∑ ∫  (19) 
Subject to: 1 2 1 2, , ,K K C C B∈  (20) 
Here ( )2( ) Re ( )i iy t a t=  and 2 ( )ia t  is defined by (14). B represents box constraint that 
will be defined for variables 1 2 1 2, , ,K K C C . 
We note that the problem (19), (20) involves exact vibration exposure period T . 
Therefore, we claim that such a formulation of the problem is not suitable for some 
kinds of vibration analyses and practical applications when time T  cannot be specified.  
In the subsequent section we formulate an ISO-based objective function for evaluation 
of the vibration exposure that does not contain time T . 
 
2.4. ISO-based objective function of comfort level for steady state vibrations  
 Consider a particular frequency iω , where {1,2,... }i n∈ . From formula (14) 
we have the following expression for the harmonic acceleration of the upper mass 
corresponding to this frequency 
( ) 2 2 2 22 2 2 2 2( ) Re ( ) i i i i i ii i i i
i i i i
H K C L L K C Hy t a t Q R
Q R Q R
+ ω − ω
= = − −
+ +
, (21) 
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where 
3 2
1 1
2 3
1 1
3 3 3
1 2 2 1 1 2 2 1 2 2
2 2 2 2 4
1 2 1 2 1 2 2 1 2 2 1 2
cos( ) sin( )
cos( ) sin( )
i i i i i i i
i i i i i i i
i i i i i i
i i i i i i
H C t K t
L K t C t
Q C K C K C M C M C M
R K K C C K M K M K M M M
= Α ω ω + Α ω ω
= Α ω ω + Α ω ω
= ω + ω − ω − ω − ω
= − ω − ω − ω − ω + ω
 (22) 
In (22) iΑ  is the amplitude of the i th frequency band harmonic response.  
Combining (18), (21), and (22), we obtain 
( ) ( )( )
( ) ( )( )
2
2 2 2 2
22 20
1( )
T
i i i i i i i i
i
i i
K H c L Q K L C H R
S T dt
T Q R
+ ω − − ω
=
+
∫  (23) 
Opening brackets and regrouping terms in (23) using (22), yields 
( )
( ) ( )( ) ( )
222 4 1 2 1 2 2 1 1 2 2
22 20
( ) [ sini
T i i i i i ii i
i i
i i
R C K Q K K R C K Q C C
S T t dt
T Q R
ω − + ω + ωΑ ω
= ω +
+
∫  
( ) ( )
( ) ( )( ) ( ) ( )
2 2
1 2 1 2 2 1 1 2 1 2 1 2 2 1 1 2
22 20
2
cos sin
T i i i i i i i i i i i i i i
i i
i i
Q K K R C K R C K Q C C R K K Q C K Q C K R C C
t t dt
Q R
− ω − ω − ω + ω + ω − ω
ω ω +
+
∫
 
( )
( ) ( )( )
22
1 2 1 2 2 1 1 2 2
22 20
( ) ]cos
T i i i i i
i
i i
R K K Q C K Q C K R C C
t dt
Q R
+ ω + ω − ω
ω
+
∫ . (24) 
The following identities can be used in (24)  
( )
2 2
0 0
0
1 1 1 1 1 1
sin ( ) sin 2 ; cos ( ) sin 2 ;
2 4 2 4
1 1
cos( )sin( ) = 1 cos2
4
T T
i i i i
i i
T
i i i
i
t dt T t dt T
T T T T
t t dt T
T T
ω = − ω ω = + ω
ω ω
ω ω − ω
ω
∫ ∫
∫
 (25) 
It can be observed that the terms in (24) associated with sin(2 )iT
T
ω
 and cos(2 )iT
T
ω
 will 
approach zero when considering large time periods of driving (i.e. T → ∞ ). Therefore, 
from (24) and (25) we obtain 
( )
( ) ( )( )
( )
( ) ( )( )
22 4 2
1 2 1 2 2 1 1 2
22 2
22 4 2
1 2 1 2 2 1 1 2
22 2
lim ( ) =
2
2
i i i i i i i i i
i
T
i i
i i i i i i i i i
i i
R C K Q K K R C K Q C C
S T
Q R
R K K Q C K Q C K R C C
Q R
→∞
ω − + ω + ω ω Α
+
+
+ ω + ω − ω ω Α
+
. 
This can be grouped and simplified to 
( )( )4 2 2 2 2 2 2 21 1 2 2
2 2lim ( ) 2( )
i i i i
i
T i i
C K C K
S T
R Q→∞
ω Α ω + ω +
=
+
 (26) 
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Thus, for large time periods the objective function (19) can be approximated by 
replacing ( )iS T  with its limit expression in (26) and represented in the following form 
( )( )
1
4 2 2 2 2 2 2 2 2
1 1 2 2 2
1 2 1 2 2 2
1
( , , , )
2( )
n i i i i
i
i i
C K C K
F K K C C W
R Q
  ω Α ω + ω +
  
=
  + 
   
∑  (27) 
where n  is the number of frequencies present in the vibration spectrum. Now, the 
minimization problem given in (19), (20) can be expressed as follows 
1 2 1 2Minimize: ( , , , )F K K C C  (28) 
1 2 1 2Subject to: , , ,K K C C B∈  
It is important to note that the problem stipulated in (28) involves steady state 
solutions only and, in contrast to (19), does not contain the period T. Our aim is to find a 
global solution to (28) to evaluate comfort level in vehicle and optimal parameters of 
the suspension system.  
 
2.5. Definition of vehicle handling performance 
 In Automotive Engineering, any type of suspension system, is considered as a 
cinematic mechanism which defines handling performance (i.e. steering properties) of 
the vehicle. For example, in (Khachaturov, 1976) it is shown that, generally, handling 
performance of the vehicle depends on forces applied to the wheel: high loading leads to 
poor steering properties, while reduced loading on a wheel is a feature of advanced 
suspension systems with improved handling properties. This approach is analyzed in 
(Schiehlen, 2006), where acceleration of the wheel is considered as a measure of 
handling performance of the vehicle.  
In this paper we use the approach suggested in (Schiehlen, 2006) of evaluation 
of the handling performance of the vehicle and consider steady state vibrations of the 
wheel using real part of the acceleration of the lower mass ( )1( ) Re ( )i iz t a t=  on 
different frequencies of vibration excitations , 1,...,i i nω = , see (14). Thus, the objective 
function for handling performance of the vehicle can be formulated in the following 
form;  
1
2
2
1 2 1 2
1 0
1( , , , ) lim ( )
Tn
i
Ti
V K K C C z t dt
T→∞
=
   
   =
      
∑ ∫  (29) 
Using identities (25) and applying approaches similar to the ISO-based objective 
function (27) for large time periods of driving (i.e. T → ∞ ) we obtain the following 
expression; 
( ) ( )
1
4 2 2 2 2 2 2 2 2 2 2
1 1 2 2 1
1 2 1 2 2 2
1
( )
( , , , )
2( )
n i i i i i
i ii
C K C M K
V K K C C
R Q
=
  ω Α ω + ω + ω −
  
=
  + 
   
∑  (30) 
where n  is the number of frequencies present in the vibration spectrum. Now, the 
problem of minimization of loading on a wheel for advanced handling performance can 
be expressed as follows; 
1 2 1 2Minimize: V( , , , )K K C C  (31) 
1 2 1 2Subject to: , , ,K K C C B∈ . 
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In numerical experiments below, we will use the Algorithm for Global 
Optimization Problems (AGOP), introduced in [13]. This global optimization algorithm 
is designed for solving continuous optimization problems with defined box constraints. 
The efficiency of the algorithm has been demonstrated in solving various practical 
problems at the research centre of mathematics and applied mechanics of the University 
of Ballarat.  
 
3. Numerical Examples  
Herein we perform Power Spectral Density calculations of three sections of rural 
roads for typical speed limits that range from 60km/h  to 100km/h . In this paper we 
used 100m long reference sections of the rural road profiles with various pavement 
conditions; Alfred street (average road covering condition), Wendouree Parade (good 
pavement), and Ring Road (very good pavement). The measured roads are located in 
the Ballarat city (Victoria, Australia) and have been provided by the School of Science 
and Engineering, University of Ballarat, see Figure 3. 
 
 
 
 
Figure 3. Power Spectral Densities of Alfred street (top curve), Wendouree Parade 
(middle curve), and Ring Road (bottom curve) for the speed 60km/h. Vertical axes is 
the height of unevenness of the road (mm) and the horizontal axes shows the 
corresponding frequencies of unevenness (Hz). 
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Considering vibration spectra of the given road profiles, we used frequencies iω  
from the range 0.2 – 80 Hz, which are associated with weighting values iW  more than 
0.1 as per the ISO (1997), see Figure 2. This allowed us to avoid a number of specific 
frequencies with minor influence on the ride comfort level.  
The values of various quarter-car model parameters are taken in reference to 
(Schiehlen, 2006), where the tire is considered with no damping property, i.e 1 0C = . 
Also we assume that both masses ( 1 20kgM =  and 2 300kgM = ) are constant. The 
domains assumed for the springs constants are given as; [ ]1 180000,240000 (N / m),K ∈  
[ ]2 10000,25000 (N / m)K ∈ , and the coefficient of the damper is given as 
[ ]2 2000,4000 ( sec/ )C N m∈ . The minimum value of the spring stiffness, 1K , 
corresponds to a low pressure tire (24 psi), and the maximum value corresponds to an 
over-inflated tire (44 psi). The limiting values imposed on the constants of spring, 2K , 
and damper, 2C , are determined from the engineering point of view of suspension 
deflection using (Schiehlen, 2006) as reference. Thus, fixing parameter of the damping 
properties of the tyre 1 0C =  we can represent a limiting box 1 2 2( , , )K K C B∈   using the 
following values; [ ] [ ] [ ]180000,240000 , 10000,25000 , 2000,4000B = . 
In this paper we perform optimization procedures using AGOP software to 
achieve the highest comfort level in vehicle and advanced steering properties by finding 
minimum values of the Objective Function F  and minimum values of the Objective 
Function V . In such a scenario, we obtain two sets of optimal parameters of the tire 
stiffness 1K , suspension spring stiffness 2K , and shock absorber properties 2C . First, 
for improved comfort level the suspension system requires 1 180000 /K N m= , 
2 10000 /K N m=  and 2 2000 sec/C N m= . At the same time, for advanced handling 
performance the suspension system demands 1 180000 /K N m= , 2 25000 /K N m= , 
and 2 4000 sec/C N m= . The minimum values of the Objective Function F  (m/sec2) 
are listed in Table 3.1.  
In the code of the ISO (1997) for No Health Risk condition criterion, the time of 
vibration exposure (in hours) is limited by the corresponding weighted acceleration 
values (m/sec2), see Figure 4. Thus, the minimum values of the Objective Function F  
(m/sec2) listed in Table 3.1 can be shown as the ISO-style curves limiting safety driving 
time in dependence with vehicle speed for the considered roads; see Figure 5.  
The curves shown in Figure 5 are significant for easy evaluating of vibrations 
transmitted to the body of the vehicle from the road, as they show possible safety 
driving time on particular roads with different pavement conditions for any speed.  
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Table 3.1. The minimum values of Objective Function F  (m/sec2) corresponding to 
optimal parameters of the damper 2C , spring of suspension 2K , and tire 
stiffness 1K  of the quarter- car model on the considered Ballarat roads. 
Vehicle 
speed (km/h) 
Alfred street Wendouree 
Parade 
Ring road 
60 0.554961 0.501476 0.376167 
65 0.550402 0.483432 0.36345 
70 0.574004 0.509441 0.364443 
75 0.621278 0.518789 0.376742 
80 0.620722 0.531796 0.379305 
85 0.650855 0.565813 0.398432 
90 0.673568 0.5904 0.407715 
95 0.730481 0.598739 0.416847 
100 0.746724 0.624299 0.425843 
 
Figure 4. Health guidance caution zones (B2) of ISO 2631-1: time limits (hours) of 
vibration exposure with No Health Risk conditions (NH) for the numerical results from 
Table 3.1. 
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Vibration exposure time corresponding to No Health Risk condition, ISO2631
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Figure 5. Maximum vibration exposure time (hours) that corresponds to No Health Risk 
condition according to ISO2631 on Alfred street, Wendouree Parade, and Ring Road. 
 
The influence of the parameters of the suspension system 1 2 2, ,K K C  on comfort 
level has been investigated in (Kuznetsov, Mammadov, Sultan, and Hajilarov, 2010), 
where it was shown that stiffness of the tire did not affect the comfort level of the 
vehicle as much as the stiffness of the suspension springs. At the same time, it was 
shown that the comfort level in vehicle was very sensitive to the viscous damping 
coefficients.  
 
In this paper we performed some numerical tests showing the influence of 
suspension parameters 1 2 2, ,K K C  on handling performance of the vehicle; see Figure 6. 
Analyzing plots in Figure 6, we can state that steering properties are sensitive to the tyre 
stiffness 1K , while the suspension spring stiffness 2K  do affect handling performance 
negligibly. At the same time, the obtained results show that handling properties of the 
vehicle are very sensitive to damping coefficient 2C . 
 
The results obtained in this paper reveal some important tendencies and suggest 
the following conclusions. For improved comfort level and steering properties of the 
vehicle, the pressure in the tyre should be set up on minimum acceptable value, as the 
tyre requires the minimum stiffness. At the same time, to achieve the highest comfort 
level with no considerable loss of steering performance, the spring in the suspension 
system demands the minimum stiffness. On the other hand, the for advanced steering 
performance, the shock absorber in the suspension system needs high damping values, 
while for improved comfort riding the shock absorber requires low damping properties. 
Applying ISO-defined restrictions using acceleration values from Table 3.1 on 
safety driving time (hours), we can present in Figure 8 comparison curves of reduction 
of safety driving time due to high speeds and increased damping properties in the 
suspension system for advanced steering performance.  
The comparison curves in Figure 8 can be considered as effective reference 
guides for easy evaluation of safety driving times and maximum trip distances for 
vehicles with different types of suspension systems on various speeds and road 
pavement conditions. 
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4. Conclusions 
This paper presents a contribution to vibration analysis in automotive 
engineering by evaluating the handling performance of the vehicle and vibrations 
transmitted from road profile variations to a driver. A mathematical model was written 
and manipulated to calculate the steady state component of the transmitted vibration. 
This model was then optimized, in reference to the standard ISO (1997), to obtain 
suitable values for the suspension system parameters. The constructed Objective 
Function based on ISO (1997) international standard allowed calculation of the 
estimated safety riding time for drivers and passengers with ISO standardized condition. 
At the same time, an additional Objective Function of advanced handling performance 
was introduced to evaluate steering properties of the vehicle. Numerical results revealed 
information on optimal parameters for the improved comfort level and advanced 
steering performance of the vehicle on different Australian roads.  
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Influence of tyre stiffness on handling performance
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Influence of  suspension spring stiffness  on handling performance
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Influence of  suspension damping coefficient on handling performance
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Figure 6. Influence of the tyre stiffness, stiffness of the suspension spring, and damping 
coefficient on Objective Function V  values (m/sec2), where low acceleration of the 
wheel leads to advanced handling performance of the vehicle. 
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Figure 7. The comparison curves showing reduction of safety driving time (hours) on higher 
speeds and increased damping properties for advanced handling performance on average road 
covering condition (Alfred street, top plot), good road pavement (Wendouree Parade, middle 
plot), and very good road pavement (Ring Road, bottom plot) 
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7. Optimization of the suspension system 
with driver’s biomechanical effects 
 
In this chapter a common quarter-car model coupled with a biomechanical model of the 
driver simulated by the third Kelvin element is introduced. For this three-mass model 
steady-state analytical solutions are derived and an objective function using the ISO 
standards is constructed similar to the way detailed in the previous chapter. In the 
numerical examples influence of the viscoelastic properties and mass of the human 
body on the comfort levels is analysed on various Australian roads and speed ranges of 
the vehicle.   
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a b s t r a c t
In this paper a Human–Vehicle–Road (HVR) model, comprising a quarter-car and a
biomechanical representation of the driver, is employed for the analysis. Differential
equations are provided to describe the motions of various masses under the inﬂuence of
a harmonic road excitation. These equations are, subsequently, solved to obtain a closed
form mathematical expression for the steady-state vertical acceleration measurable at
the vehicle–human interface. The solution makes it possible to ﬁnd optimal parameters
for the vehicle suspension system with respect to a speciﬁed ride comfort level. The
quantitative deﬁnition given in the ISO 2631 standard for the ride comfort level is
adopted in this paper for the optimization procedure. Numerical examples, based on
actually measured road proﬁles, are presented to prove the validity of the proposed
approach and its suitability for the problem at hand.
& 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In automotive engineering the problem of ﬁnding optimal parameters for vehicle suspension systems has been
investigated in many publications [1,2]. Methodologies proposed for ﬁnding these optimal parameters are often based on
the assumption of a harmonic road excitation [3–8]. Biodynamical effects of drivers and passengers are investigated
in [5,6], which utilize the Finite Element (FE) method to obtain optimal parameters for vehicle suspension systems. An
important contribution to the analysis of the biodynamic response of the human body to the whole-body vibration is
presented in [9], where a number of biodynamical models, vibration transmissibility concepts, and human biodynamic
responses are considered.
Despite the importance of improving comfort level and minimizing driver fatigue, to the automotive industry, our
literature survey suggests that the ISO standards on the evaluation of vibration exposure [10] has not been utilized for the
optimization of vehicle suspension parameters. Optimal parameters of the vehicle suspension systems associated with
the ISO standards could provide higher levels of comfort, particularly, in long-term exposure to vertical accelerations. The
current paper formulates the optimization problem in terms of the requirements stipulated by these standards, and
employs innovative mathematical techniques for the solution. The developed approach is demonstrated on numerical
simulations using real road proﬁles.
The current research utilizes a quarter-car model coupled with the biodynamical model of the driver. Combining the
two models, in a single Human–Vehicle–Road (HVR) model, is acceptable for the purpose of vibration analysis as asserted
in [5,6,9]. For a HVR model, subject to a periodic road excitation, an analytical closed-form solution will be obtained; and
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an objective function, based on the ISO recommendations, will be constructed. The optimization procedure will feature a
search for the global minimum of the objective function with respect to the system parameters. The numerical results
obtained by applying optimal parameters of the HVR model will be compared to the results obtained for the stand alone
quarter-car model presented in [11,12]. The numerical examples, presented at the end of the paper, will lead to a number
of conclusions in regards to the optimal parameters of the vehicle suspension systems and comfort levels for road vehicles.
The paper ﬁrst introduces the mathematical model of the HVR and obtains a closed form analytical solution for the set
of governing differential equations which characterize the model. The obtained solution is further manipulated to produce
a simpliﬁed expression for the ISO-based vibration exposure metric given in the ISO 2631. This metric is employed in this
paper as an objective function to be minimized to improve the ride comfort level.
2. Formulation of optimization problem
2.1. A background on the Kelvin element-based HVR model
The Kelvin element is the most widespread viscoelastic representation used for modeling vehicle suspension systems
and human muscular–skeletal structures. Three such elements are combined in this section to describe the dynamic
behavior of our three degrees of freedom HVR model. This model is depicted in Fig. 1 in which M3 denotes the driver’s
mass, M2 stands for the mass of the vehicle body, and M1 signiﬁes the mass of the vehicle wheel and other unsprung parts
of the suspension system. The masses of elastic and damping elements are considered negligible. As suggested in [1], the
model is excited by a ground vertical motion, uðtÞ ¼ Aejot , with an amplitude A and a frequency o. In this description, t
stands for time and j¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. The resulting motion can be described by the following set of differential equations:
M1 €x1þC1 _x1þK1x1þC2 _x1þK2x1C2 _x2K2x2 ¼ C1 _uðtÞþK1uðtÞ
M2 €x2þC2 _x2þK2x2C2 _x1K2x1C3 _x3þC3 _x2K3x3þK3x2 ¼ 0
M3 €x3þC3 _x3þK3x3C3 _x2K3x2 ¼ 0
8><
>: (1)
where xi, i¼ 1,2,3 represents time-dependent deﬂections measured from an undisturbed state and _xi and €xi suggest ﬁrst
and second derivatives with respect to time. The equations also feature other parameters besides the above mentioned
masses. These parameters are CiZ0 and KiZ0, i¼ 1,2,3, which are viscous damping coefﬁcients and spring rates,
respectively. All parameters are assumed to be independent of all deﬂections and their time derivatives in order to ensure
linearity and autonomity for the system [1].
State variables, v1  _x1, v2  _x2 and v3  _x3, may now be introduced to facilitate the presentation of the state vector, X
!
,
as follows:
X
!¼ ðx1,x2,x3,v1,v2,v3ÞT (2)
The system of differential Eq. (1) can be expressed in a matrix form as follows:
_
X
!¼ GUX!þ P!ðtÞ (3)
where the state matrix, G, is given as follows:
G¼
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 K1M1
K2
M1
K2
M1
0  C1M1
C2
M1
C2
M1
0
K2
M2
 K2M2
K3
M2
K3
M2
C2
M2
 C2M2
C3
M2
C3
M2
0 K3M3 
K3
M3
0 C3M3 
C3
M3
0
BBBBBBBBBB@
1
CCCCCCCCCCA
(4)
and the vector, P
!ðtÞ, which represents the external loading is given as follows:
P
!ðtÞ ¼
0
0
0
C1
M1
_uðtÞþ K1M1 uðtÞ
0
0
0
BBBBBBBB@
1
CCCCCCCCA
(5)
As detailed in [13], the solution of Eq. (3) can be expressed in the following form:
X
!ðtÞ ¼ ðjoIGÞ1U P!ðtÞ (6)
where I is the identity matrix.
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When expanded, the solution given in (6), reveals the following expressions for the motions of the three model masses:
x1ðtÞ ¼ ðK1þ jC1oÞðo
2K3M2joC2K3þo2K3M3þo2K2M3joK2C3K2K3Þ
d Ae
jot
þ ðK1þ jC1oÞðo4M2M3þ jo3C3M2þ jo3C2M3þo2C2C3þ jo3C3M3d Aejot
x2ðtÞ ¼ ðK1þ jC1oÞðK2þ jC2oÞðo
2M3jC3oK3Þ
d Ae
jot
x3ðtÞ ¼ ðK1þ jC1oÞðK2þ jC2oÞðK3þ jC3oÞd Aejot
8>>><
>>>:
(7)
where
d¼o6M1M2M3jjjZþ jlþ jmjyK1K2K3 (8)
M3
K3 C3
K2 C2
M2
K1 C1
M1
u(t)
Fig. 1. Scheme of the Human–Vehicle–Road model.
A. Kuznetsov et al. / Journal of Sound and Vibration 330 (2011) 2937–2946 2939
81
Author's personal copy
and
j¼o5ðC2M1M3þC2M2M3þC1M2M3þC3M1M2þC3M1M3Þ
Z¼o4ðC1C3M2þC2C3M2þC2M3M1þC1C3M3þC1C2M3þC2C3M3þK3M1M3
þK3M1M2þK1M2M3þK2M2M3þK2M1M3Þ
l¼o3ðC2K3M2þC1K3M2þC1K3M3þC2K3M1þC2K3M3þC3K1M3þC3K1M3
þC2K1M3þC3K2M3þC1C2C3þC3K2M1þC1K2M3þC3K1M2Þ
m¼o2ðK1C2C3þK1K3M2þK2K3M3þK1K2M3þK1K3M3þK3C1C2þK2K3M2þK2K3M1þK2C1C3Þ
y¼oðK1K3C2þK1K2C3þK2K3C1Þ (9)
The accelerations a1ðtÞ, a2ðtÞ, and a3ðtÞ of the masses M1, M2 and M3, respectively, can be obtained by taking the second
derivatives of Eqs. (7) as follows:
a1ðtÞ ¼ o2 ðK1þ jC1oÞðo
2K3M2joC2K3þo2K3M3þo2K2M3joK2C3K2K3Þ
d Ae
jot
o2 ðK1þ jC1oÞðo4M2M3þ jo3C3M2þ jo3C2M3þo2C2C3þ jo3C3M3d Aejot
a2ðtÞ ¼ o2 ðK1þ jC1oÞðK2þ jC2oÞðo
2M3jC3oK3Þ
d Ae
jot
a3ðtÞ ¼o2 ðK1þ jC1oÞðK2þ jC2oÞðK3þ jC3oÞd Aejot
8>>><
>>>:
(10)
The expressions in (10) can be used to calculate the vertical accelerations which correspond to a single-harmonic
excitation applied with a frequency o. In accordance with the standard, ISO 2631, the steady-state acceleration
transmitted to a human should be measured at the interface between the human body and the vibrating structure. Since
we take the seat as rigidly attached to the vehicle chassis, the speciﬁc expression given in (10) for the interface
acceleration a2 is manipulated further and employed for the analysis as described in the next section.
2.2. ISO-based objective function and model manipulation
The vibration exposure metric described in the ISO 2631 is adopted in this paper as an objective function for the
optimization procedure. Essentially, this metric is the root-mean-squares (rms) of the steady-state part of the interface
acceleration, a2i, weighted for various excitation frequencies oi, i¼ 1,2,. . .n;
a2iðtÞ ¼o2i
ðK1þ jC1oÞðK2þ jC2oiÞðo2i M3jC3oK3Þ
di
AexpðjoitÞ
Values for the weighting factors, Wi, i¼ 1,2,. . .n are provided in the standards to reﬂect expected levels of harshness
associated with various frequencies. Sample of such values are given in Table 1, where the peak values ofWi correspond to
the hazardous frequency range of 4–8Hz.
A mathematical representation of the objective function, E, may be given as follows:
E¼ 1
T
Z T
0
b2ðtÞdt
 1=2
(11)
Table 1
Sample principal frequency weighting coefﬁcients Wi for vertical direction accelerations of the standard ISO 2631 (1997).
Frequency band number Frequency o (Hz) Principal frequency weightingsWi
7 0.2 0.121
6 0.25 0.182
y y y
0 1 0.482
1 1.25 0.484
2 1.6 0.494
y .... y
6 4 0.967
7 5 1.039
8 6.3 1.054
9 8 1.036
y y y
19 80 0.132
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where T is the duration of exposure, and b(t) is a frequency-weighted steady-state interface acceleration which can be
expressed as follows:
bðtÞ ¼
Xn
i ¼ 1
ðWiyiðtÞÞ2
 !1=2
(12)
where n is the number of frequencies present in the excitation spectrum and yiðtÞ ¼ Reða2iÞ, i¼ 1,2,. . .n is the steady-state
component of a2i which corresponds to the excitation frequency oi. Combining (11) and (12) yields
E¼
Xn
i ¼ 1
W2i SiðTÞ
 !1=2
(13)
where
SiðTÞ ¼
1
T
Z T
0
y2i ðtÞdt (14)
To this end, an optimization problem may be formulated to ﬁnd the spring constants (K1,K2) and damping coefﬁcients
(C1,C2), which provide a minimal value for the objective, E. This can be expressed as follows:
Minimize: EðK1,K2,C1,C2Þ ¼
Xn
i
W2i
1
T
Z T
0
yiðtÞ2 dt
 !1=2
(15)
Subject to: ðK1,K2,C1,C2Þ 2 D (16)
where D represents box constraints imposed on the design parameters.
Based on the deﬁnition given above for yiðtÞ, the following expression can be written:
yiðtÞ ¼
ðQiðo2i m3K3ÞþHiC3oiÞRiþðHiðo2i m3K3ÞQiC3oiÞLi
R2i þL2i
Ai cos ðoitÞ
þ ðHiðo
2
i m3K3ÞQiC3oiÞRiðQiðo2i m3K3ÞþHiC3oiÞLi
R2i þL2i
Ai sinðoitÞ (17)
where Ai is the excitation amplitude given for the frequency band number i and the other variables are deﬁned as follows:
Qi ¼o2i K1K2o4i C1C2
Hi ¼o3i C1K2o3i K1C2
Ri ¼o6i M1M2M3ZiþmiK1K2K3
Li ¼ lijiyi (18)
Combining (14), (17) and (18), yields the following expression for SiðTÞ:
SiðTÞ ¼
1
T
Z T
0
 ðQiðo
2
i m3K3ÞþHiC3oiÞRiþðHiðo2i m3K3ÞQiC3oiÞLi
R2i þL2i
Ai cosðoitÞ
 
þ ðHiðo
2
i m3K3ÞQiC3oiÞRiðQiðo2i m3K3ÞþHiC3oiÞLi
R2i þL2i
Ai sinðoitÞ
!2
dt (19)
The following identities may be employed to simplify (19):
1
T
R T
0 sin
2ðoitÞdt¼ 12 14Toi sin ð2oitÞ
1
T
R T
0 cos
2ðoitÞdt¼ 12 þ 14Toi sin ð2oitÞ
1
T
R T
0 cosðoitÞsinðoitÞdt¼ 14Toi ð1cosð2oitÞÞ
8>><
>>:
(20)
It can be observed that, in (19), all the terms associated with sinð2oiTÞ=T and cosð2oiTÞ=T will converge to zero as
T-1. As such, the limit of the expression given in (19) takes the following form:
lim
T-1
SiðTÞ ¼
A2i ðH2i þQ2i ÞððK3o2i M3Þ2þo2i C23 Þ
2ðRi2þLi2Þ
(21)
For large time periods, the objective function (13) can be approximated by replacing SiðTÞ by its limit, as follows:
FðK1,K2,C1,C2Þ ¼
Xn
1
A2i ðH2i þQ2i ÞððK3o2i M3Þ2þo2i C23 Þ
2ðRi2þLi2Þ
W2i
 !" #1=2
(22)
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The minimization problem stated in (15) can now be represented by the following form:
Minimize: FðK1,K2,C1,C2Þ (23)
Subject to: ðK1,K2,C1,C2Þ 2 D
It is worth noting here that the problem posed in (23) involves only a steady-state solution and, in contrast to (15), does
not depend on the period T. Therefore, by solving (23), optimal parameters of the suspension system can be obtained for
any period, T, of vibration exposure. This is one of the main advantages of using the steady-state solution. Typically,
problem (23) may have a number of local minima, due to possible non-unimodality of the function involved. This is a
feature which calls for applying a global optimization algorithm to ﬁnd the global minimum solution of the problem. In the
numerical examples described below, the Algorithm for Global Optimization Problems (AGOP), as introduced in [14], will
be employed for the solution. This algorithm is designed for solving continuous optimization problems with speciﬁed box
constraints. The efﬁciency of the algorithm has been demonstrated by solving a number of practical problems as detailed
in [15].
3. Numerical examples
Power Spectral Density calculations have been performed for three sections of Australian rural roads at typical speed
limits ranging from 60 to 100km/h. These roads are in the state of Victoria and they are given as Alfred Street, Wendouree
Parade, and Ring Road.
In setting up the optimization procedure, only the frequency range of 0.2–80Hz has been included in the vibration
spectra of the given road proﬁles. Frequencies falling in this range are associated with weighting coefﬁcients higher than
0.1 as shown in Table 1. Also, the values of various model parameters which have been kept constant during the procedure
(i.e. K3, C3, M3, M2 and M1) were taken from [9,16]. These values are 5600N/m, 520Ns/m, 70 kg, 300 kg and 20kg,
respectively. Moreover, we followed the advice offered by [16,17], with respect to the negligible damping obtainable from
tires, and assigned the value of zero to C1.
The design parameters which have been involved in the optimization process are the tire spring stiffness K1 2
½180,240ðkN=mÞ, the vehicle suspension stiffness K2 2 ½10,25ðkN=mÞ, and the vehicle suspension damping coefﬁcient
C2 2 ½2,4ðkNs=mÞ. The minimum value set for the tire spring stiffness, K1, corresponds to the lowest admissible tire
pressure (24psi), while the maximum value corresponds to the over-inﬂated tire (44psi). The constraints imposed on the
values of K2 and C2 are based on practical observations described in [16]. By solving problem (23) the optimal values of
the parameters, K1, K2 and C2, which minimize the rms of the vehicle’s weighted steady-state vertical acceleration can be
found for a given road proﬁle. The computed optimal values of these parameters are given in Table 2 and the minimum
values of the objective function for the considered roads are listed in Table 3.
Table 2
The optimal parameter values of suspension C2, K2 and tire stiffness K1 of the quarter-car model for the considered roads.
Vehicle speed range (km/h) Optimal values of
the parameters
Alfred street Wendouree Parade Ring road
60–100 K1 (kN/m) 180 180 180
K2 (kN/m) 10 10 10
C2 (kN s/m) 2 2 2
Table 3
The minimum values of Objective function F (rms weighted accelerations, m/s2) corresponding to optimal parameters of the damper C2, spring of
suspension K2, and tire stiffness K1 of the quarter-car model coupled with biomechanical model of the driver for the considered Ballarat roads.
Vehicle speed (km/h) Alfred street Wendouree Parade Ring road
60 0.55 0.52 0.34
65 0.60 0.59 0.38
70 0.63 0.59 0.39
75 0.67 0.63 0.41
80 0.72 0.65 0.41
85 0.75 0.70 0.45
90 0.79 0.70 0.47
95 0.83 0.73 0.50
100 0.87 0.77 0.49
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The numerical results presented in Table 2 conﬁrm the view, expressed in [18], that low spring stiffness and damping
coefﬁcient lead to a better ‘‘isolation’’ of the sprung mass from the vibrating source. Based on the results of our
optimization analysis, several observations may be pointed out.
To improve the comfort level on any road, the vehicle tires should be used with the minimum allowable stiffness, as the
optimal value for the target function was achieved at the lowest value allowed for the parameter K1. Also, for the best
comfort level, the vehicle suspension system requires both minimal spring stiffness, K2, and minimal damping coefﬁcient,
C2. Another observation reﬂects that higher vehicle speeds produced higher acceleration values. This leads to the lack of
comfort level for the driver and passengers.
Fig. 2 shows optimized values for the objective function versus vehicle speed for two modeling cases. These cases,
which are referred to as F and F1, respectively, signify analysis conducted with and without the inclusion of the
biomechanical model. The results reveal that the inclusion of the biomechanical model does limit the efﬁciency of the
optimization process for high speed rides. An important observation which would have been missed had this model not
been included in the analysis. At low speeds, however, inclusion of the biomechanical model does not impact much on the
Fig. 2. Root-mean-square weighted accelerations (m/s2) of the objective functions F (dash curve) and F1 (solid curve) on Alfred street (upper plot),
Wendouree parade (middle plot), and Ring road (bottom plot).
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optimal values for the comfort level. To investigate this point further, the mass M3 was set equal to three values being 50,
70 and 120kg, and the obtained minimized values for the objective function are given in Table 5. The table suggests that all
nonzero values for M3, without discrimination, are likely to produce the same adverse effect on the optimization process
for high speed runs. This is because the biomechanical model acts as a booster for the vehicle chassis vibration at high
speed levels. Corresponding results, obtained for models in which the driver biomechanics were not included in the
analysis, seem to support the outcome of our current results presented in Tables 2 and 3. These corresponding results have
been presented in [11,12] and they are given here, for the sake of completeness, in Table 4. It should be pointed out here
that the work described in [12] is of particular signiﬁcance since it features the utilization of an innovative suspension
design referred to as the inerter. Adequate details on this design may be sought in [19].
According to the code presented in the ISO 2631 standard, the criterion employed to evaluate the intensity of the
vibration transmitted to a human body is based on the duration (in hours) of exposure to vibration. Three different levels
of vibration exposure are distinguished in the standards; namely no health risk (NH), potential health risk (PR), and likely
health risk (HR). A visual representation of these levels is shown in Fig. 3. Our results for the optimized rides have been
Table 4
The minimum values of Objective functions (rms weighted accelerations, m/s2) obtained for the quarter-car model [11] and a quarter-car model
equipped with improved suspension system with inerter device [12].
Vehicle speed
(km/h)
Alfred street Wendouree Parade Ring road
Quarter-car
model [11]
Quarter-car
model [12]
Quarter-car
model [11]
Quarter-car
model [12]
Quarter-car
model [11]
Quarter-car
model [12]
60 0.55 0.55 0.50 0.50 0.38 0.37
65 0.55 0.55 0.48 0.48 0.36 0.36
70 0.57 0.57 0.50 0.50 0.36 0.36
75 0.62 0.62 0.52 0.52 0.38 0.38
80 0.62 0.62 0.53 0.53 0.38 0.38
85 0.65 0.65 0.57 0.56 0.40 0.40
90 0.67 0.67 0.59 0.59 0.41 0.41
95 0.73 0.73 0.60 0.60 0.42 0.2
100 0.75 0.75 0.62 0.62 0.42 0.42
Table 5
Objective function (F) values (rms weighted accelerations, m/s2) for masses 50, 70, and 120kg of the driver.
Vehicle speed
(km/h)
Alfred street Wendouree Parade Ring road
M3=50 M3=70 M3=120 M3=50 M3=70 M3=120 M3=50 M3=70 M3=120
60 0.55 0.55 0.56 0.52 0.52 0.52 0.34 0.34 0.35
65 0.60 0.60 0.60 0.56 0.59 0.59 0.37 0.38 0.38
70 0.63 0.63 0.64 0.58 0.59 0.59 0.39 0.39 0.49
75 0.67 0.67 0.68 0.62 0.63 0.63 0.40 0.41 0.41
80 0.71 0.72 0.72 0.64 0.65 0.65 0.41 0.41 0.41
85 0.75 0.75 0.76 0.70 0.70 0.70 0.45 0.45 0.45
90 0.79 0.79 0.79 0.70 0.70 0.71 0.47 0.47 0.47
95 0.83 0.83 0.84 0.72 0.73 0.73 0.49 0.50 0.50
100 0.86 0.87 0.87 0.77 0.77 0.77 0.49 0.49 0.50
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Fig. 3. Maximum vibration exposure time (hours) that corresponds to No Health Risk condition, Potential Health Risk, and Health Risk is likely in
accordance with ISO 2631.
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Table 6
Health guidance caution zones (B1) of ISO 2631-1: time limits (hours) of vibration exposure with No Health Risk conditions (NH), Potential Risk
conditions (PR), and Health Risk conditions (HR) for the numerical results from Table 3.
Vehicle speed
(km/h)
Alfred street Wendouree Parade Ring road
NH PR HR NH PR HR NH PR HR
60 6 6–17 17–24 6 6–17 17–24 12 12–24 20–24
65 6 6–17 17–24 6 6–17 17–24 12 12–24 24
70 6 16–17 17–24 6 16–17 17–24 12 12–24 24
75 5 5–14 14–24 5 5–14 14–24 12 12–24 24
80 4 4–12 12–24 5 5–14 14–24 9 9–22 22–24
85 4 4–12 12–24 4 4–12 12–24 9 9–22 22–24
90 3 3–11 11–24 4 4–12 12–24 7 7–18 18–24
95 2.5 2.5–9 9–24 3 3–11 11–24 7 7–18 18–24
100 2.5 2.5–9 9–24 3 3–11 11–24 7 7–18 18–24
Fig. 4. Inﬂuence of tire stiffness, stiffness of the suspension spring and damping coefﬁcient on objective function values.
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classiﬁed in accordance with the three ISO-based exposure levels and the outcome is given in Table 6. The exposure values
which correspond to the NH criterion, for various speed ranges, should be used for design purposes since they are likely to
produce the highest comfort level.
To evaluate the inﬂuence of each design parameter on the ride comfort, the Alfred Street road proﬁle has been used in
special runs where the driving speed was set equal to 60km/h. The obtained results are presented by the three plots which
are given in Fig. 4. The top plot depicts the inﬂuence of the tire stiffness, K1, on the comfort level as K2 and C2 are set equal
to their minimum values. In a like manner, the middle and bottom plots, respectively, show the effects of varying K2 and C2
on the ride comfort level. For each plot, the remaining two parameters have been set equal to their corresponding
minimum values. Fig. 4 reveals that the main parameter which impacts the ride comfort is the viscous damping coefﬁcient,
C2. This agrees with conclusions presented in [17].
4. Conclusions
This paper presents a contribution to vibration analysis in automotive engineering by evaluating the vibration
transmitted from the road proﬁle to a driver, or a passenger, in a moving vehicle. The paper adopts the ISO 2631
methodology for assessment of admissible levels of vibration. A mathematical model, which includes human biomecha-
nical parameters, was developed and used to calculate the steady-state component of the transmitted vertical acceleration.
This model was then optimized to obtain suspension system parameters which would improve the ride comfort as deﬁned
by the ISO 2631.
Numerical results have been presented, and compared, for models optimized with and without the inclusion of the
biomechanical parameters. The importance of including these parameters in the analysis has been highlighted by their
noticeable effects on the ride comfort at high speed levels. The paper concluded by stating that the damping coefﬁcient of
the suspension system has the most remarkable inﬂuence on the ride comfort at a given speed.
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8. Multi-objective optimization of the vehicle 
suspension system  
 
In this chapter multi- and single-objective optimization models of the vehicle 
suspension system based on Kelvin elements are developed for both improved comfort 
levels and advanced steering properties. In particular, a mapping between the ISO 
weighted accelerations and safety driving hours is introduced. 
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Abstract: In this paper new mathematical models of the vehicle suspension 
system are introduced for improved comfort level and advanced steering 
performance. The objective function describing the improved comfort level is 
based on the international standards of admissible acceleration levels defined by 
ISO 2631. The objective function of advanced steering properties utilizes an 
engineering approach of reducing wheel impact of the vehicle. Multi-objective 
and single-objective optimization problems are formulated as part of the 
developed mathematical models for the improved comfort level for the driver as 
well as for the advanced steering properties of the vehicle.  
 
Keywords: Vehicle suspension system, Comfort level, Steering properties, Multi-
objective optimization. 
 
1. Introduction 
 
The problem of finding optimal parameters of different vibrating systems has been 
investigated theoretically in [1,2]. In a recent paper [3] Pavic studied the influence of 
viscosity of the dampers on energy dissipation in vibrating structures. At the same time, 
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various numerical methods, including Finite Element Analysis (FEA) have been used in 
[4-6] for finding optimal parameters for the suspension systems. An interesting 
approach that allows considering the steering properties of the vehicle with respect to 
parameters of the suspension system is presented in [7].  
In this paper we formulate new single- and multi-objective optimization models by 
involving both the comfort level and the steering properties of vehicle suspension 
systems. The approach utilizes methodologies presented in the ISO standards [8] and 
papers [7,9] and [10]. 
The current literature review reveals that the ISO standards [8] on evaluation of 
vibration accelerations have recently been utilized in optimization models despite their 
great importance for the minimization of driver fatigue and the associated health 
hazards by Kuznetsov et al in [9,10]. Optimal solutions based on these models would 
result in a higher level of comfort, particularly at the long-term exposure to vertical 
accelerations. This paper proposes new models that allow one to consider a problem of 
advanced handling of a vehicle due to reduction of harmonic impact applied to the 
wheel. 
For the considered quarter-car model, an analytical closed-form solution for the steady 
state (harmonic) vibrations are obtained followed by the construction of the objective 
function based on the ISO requirements. This objective function describes the comfort 
level for the driver or passengers in a vehicle. In this paper, we introduce a new 
objective function that describes the steering properties of a vehicle. These two 
objective functions are inconsistent in the sense that high comfort levels do not 
correspond to advanced steering properties. That leads to considering multi-objective 
optimization problems. We refer to [11] and references therein for multi-objective 
optimization theory.  
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In this paper, different optimization problems are considered, including a multi-
objective optimization formulation that provides a set of Pareto efficient solutions and 
single-objective optimization formulations that provide unique optimal solutions for the 
parameters of vehicle suspension system. Several numerical examples are given to 
demonstrate validity of the approach and its suitability for the optimization of the 
vehicle suspension system parameters.  
This paper is structured in such a manner that initially we introduce the problem and 
then present the main stages of model development before numerical examples and 
results are discussed.  
 
 
 
2. Vibration analysis of the quarter-car model 
 
 
In this paper we analyze two mass quarter-car model considered in [9,10], where the 
upper mass 2M  is the body of the vehicle and the lower mass 1M  is the wheel. The 
scheme of the two mass quarter-car model is shown on Fig. 1.  
 
Figure 1. Quarter-car model based on Kelvin elements 
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Applying a vertical harmonic deflection ( ) exp( )u t A i t= ω  to the dashpot of the lower 
mass 1M ,  with amplitude A  and  circular frequency ω , and defining self-weights of 
the corresponding masses as 1M g  and 2M g , the governing second order equations of 
the motions of both masses will be as follows  
1 1 1 1 1 1 2 1 2 2 1 2 1 1 1
2 2 2 2 1 2 2 1 2
( ) ( ) ( ) ( )
( ) ( )
M x C x K x C x x K x x C u t K u t M g
M x C x x K x x M g
+ + + − + − = + −

+ − + − = −
    
  
        (1) 
A partial solution for (1) corresponding to harmonic deflections has been derived in [10] 
in the following form 
2 1 1
1 2 2 2
1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
j C K
x t M j C K A j t
d
j C K
x t j C K A j t
d
ω +
= −ω + ω + ω

ω + = ω + ω

           (2) 
where  
4 3
1 2 1 2 2 1 2 2
2
1 2 1 2 2 1 2 2 1 2 2 1 1 2
( )
( ) ( )
d M M j M C M C M C
C C M K M K M K j C K C K K K
= ω + ω − − − +
ω − − − − + ω + +
        (3) 
Taking the second derivative of (2) we obtain accelerations of both masses  
2 2 1 1
1 2 2 2
2 1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
j C K
a t M j C K A j t
d
j C K
a t j C K A j t
d
ω +
= −ω −ω + ω + ω

ω + = −ω ω + ω

          (4) 
According to the ISO standards [8], we assume that the vibration spectrum consists of 
n  bands with the corresponding frequencies , 1,...,i i nω = . In the vibration analysis of 
the quarter-car model presented in this paper, we consider the steady state (harmonic) 
accelerations denoted by ( )1( ) Re ( )i iz t a t=  and ( )2( ) Re ( )i iy t a t= , where 
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2 2 1 1
1 2 2 2
2 1 1
2 2 2
( ) ( ) exp( )
( ) ( ) exp( )
i
i i i i i i
i
i
i i i i i
i
j C K
a t M j C K A j t
d
j C K
a t j C K A j t
d
 ω +
= −ω −ω + ω + ω


ω +
= −ω ω + ω

          (5) 
 
3. Objective function for improved comfort level based on the ISO 
2631 (1997) standards 
 
In accordance with the ISO standards [8], vibration evaluation includes measurements 
of a weighted root-mean-square (r.m.s.) accelerations at the interface between the 
human body and the vibrating structure. The improved comfort level, where driver’s 
seat is considered as rigidly attached to the vehicle chassis, is defined by the following 
formula from [8] that to be minimized 
1
22 2
1 2 1 2
0
1( , , , ) ( ) d
Tn
i i
i
E K K C C W y t t
T
 
 =
 
 
∑ ∫                        (6) 
In (6) T  is the duration of measurements of vibration exposure and iW  is a weighting 
coefficient associated with each frequency iω , 1,2,...i n= . The values of iW  as 
suggested by the ISO code, are plotted on Fig. 2. ( )iy t  are the accelerations 
corresponding to the vibration frequencies , 1,...,i i nω = . 
 
In our recent papers [9,10] and [12] for large time periods T, the objective function (6) 
has been reformulated by taking the steady state accelerations ( )2( ) Re ( )i iy t a t= , 
where  2 ( )ia t  are defined in (5), and replacing the expression 2
0
1 ( )d
T
iy t tT ∫
 with its limit 
2
0
1lim ( )d
T
i
T
y t t
T→ ∞
 
 
 
 
∫ . This allows us to formulate an optimization problem for 
finding the best spring constants ( 1 2,K K ) and damping coefficients ( 1 2,C C ) that do not 
depend on time T .  The resulted objective function is represented in the following form  
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( )( )
1
4 2 2 2 2 2 2 2 2
1 1 2 2 2
1 2 1 2 2 2
1
( , , , )
2( )
n i i i i
i
i i
C K C K
F K K C C W
R Q
  ω Α ω + ω +
  
=   +    
∑          (7) 
where 
3 3 3
1 2 2 1 1 2 2 1 2 2
2 2 2 2 4
1 2 1 2 1 2 2 1 2 2 1 2
i i i i i i
i i i i i i
Q C K C K C M C M C M
R K K C C K M K M K M M M
= ω + ω − ω − ω − ω
= − ω − ω − ω − ω + ω
         (8) 
It is important to note that formula (7) involves steady state vibrations and, in contrast to 
(6), does not require measurements of the vibration exposure period T .  
 
 
Figure 2. Principal frequency weighting coefficients for vertical accelerations, as 
suggested by ISO (1998) 
 
4. Mathematical modeling of vehicle steering properties  
 
From the engineering point of view, the requirements for improved comfort level and 
advanced steering performance are inconsistent. For example, Khachaturov [13] and 
Kuznetsov et al. [9] showed that high damping coefficient 2C  leads to advanced 
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steering properties and poor comfort level, while low values of 2C  provide improved 
comfort level in a vehicle and unsatisfactory steering properties. Therefore, a multi 
objective optimization problem ensuring both improved comfort level and advanced 
steering properties should be considered.  
Schiehlen [7] and Khachaturov [13] pointed out that steering properties of a vehicle 
depends on forces applied to the wheel: high vibration loading applied to the wheel 
leads to poor steering properties. In many approaches acceleration of the wheel is used 
to evaluate vehicle steering properties; see, for example, [7]. 
In this paper we follow the approach suggested in [7] for the evaluation of steering 
properties of a vehicle, and consider steady state (harmonic) vibrations of the wheel 
using real part of acceleration of the lower mass (unsprung mass) ( )1( ) Re ( )i iz t a t=  at 
different frequencies , 1,...,i i nω = , where 1 ( )ia t  is defined in (5).  
However, in contrast to [7], we construct the objective function of the advanced steering 
properties by expressing it as a function of the steady-state accelerations of the wheel. 
In terms of that, this function can be generated using the method suggested by the ISO 
standards. In other words, for large time periods of driving (that is, T → ∞ ) an 
objective function for steering properties of a vehicle can be constructed by using the 
ISO technique as described in Section 3. This leads to the following representation 
1
2
2 2
1 2 1 2
1 0
1( , , , ) lim ( )d
Tn
i i
Ti
V K K C C z t t
T→∞
=
   
   = Φ
      
∑ ∫            (9) 
Here, similar to iW  in (7), iΦ is a weighting coefficient associated with frequency iω . 
Weights iΦ  express the influence of different frequencies on steering properties of the 
vehicle. 
By applying the approach used in Section 3, it is not difficult to derive the following 
expression for function 1 2 1 2( , , , )V K K C C  over large time periods of driving (we omit 
related calculations) 
( )( )
1
4 2 2 2 2 2 2 2 2 2 2
1 1 2 2 1 2
1 2 1 2 2 2
1
( )
( , , , )
2( )
n i i i i i
i
i i i
C K C M K
V K K C C
R Q
=
  ω Α ω + ω + ω −
  
= Φ  +    
∑   (10) 
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where n  is number of discrete frequencies in the vibration spectrum, iR  and iQ  are 
defined in (8).  
 
 
5. Multi-objective optimization problem for the vehicle steering 
properties and the comfort level 
 
In this section we construct multi-objective optimization problem to find optimal 
parameters for vehicle suspension system based on the two objective functions related 
to the comfort level (7) and the steering properties (10).  
Objective function (7) describes the comfort level in terms of weighted accelerations 
(m/sec2). Thus, this objective function should be minimized in order to achieve high 
comfort levels. At the same time, objective function (10) evaluates steering 
performance, and it is also expressed in terms of accelerations of the wheel (m/sec2). 
Again, advanced steering properties correspond to lower possible accelerations of the 
wheel. Therefore, the following multi-objective optimization problem can be stated  
[ ]
1 2 1 2
1 2 1 2 1 2 1 2 1 2 1 2
, , ,
min ( , , , ), ( , , , ) s.t. ( , , , )
K K C C
F K K C C V K K C C K K C C B∈       (11) 
 
where B  is a given box describing the constraints imposed on variables 1 2 1 2, , ,K K C C . 
 
We note that for the evaluation of the vibration exposure on the human body, the values 
of the objective function 1 2 1 2( , , , )F K K C C  (that is, weighted accelerations in m/sec2), 
should be considered within the interval [0.38; 2.7] according to the ISO guidance 
caution zones. Steady-state vibrations with accelerations grater than 2.7 m/sec2 are not 
acceptable for any human body as they lead to serious health risk diseases. In Figure 3 
we present the plot of the ISO 2631 code for No Health Risk condition criterion, where 
time of vibration exposure (in hours) is limited by the corresponding weighted 
acceleration values (m/sec2). 
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Figure 3. Health guidance caution zones (B2) of ISO 2631-1: time limits (in hours) of 
vibration exposure with No Health Risk conditions (NH). 
 
The following transfer function is introduced to express the exposure duration 
(safety driving hours) for No Health Risk condition criterion by the ISO 2631 in terms 
of weighted acceleration values (m/sec2) of the objective function 
1 2 1 2( , , , )F F K K C C=  with values in the interval [0.38; 2.7], where 0.38F =  is a 
minimum acceleration that corresponds to 24 safety driving hours, and 2.7F =  is a 
maximum acceptable acceleration with vibration exposure time no more than 0.02 hour; 
( ) ( )( )21 2 1 2 1( , , , ) 42( )K K C C F F F FF
 Ω = β − δ + β − δ + φ − χ α − φ − χ                 (12) 
where 3.6621; 38.396; 4; 33.35; 13.1957α = β = χ = δ = φ = . 
It is important to mention that the right hand side of (12) is a strictly decreasing function 
of F  within the considered interval [0.38; 2.7]. 
Thus, the objective function (12) can be used instead of (7) for easier 
interpretation of the comfort level in terms of safety driving time. We can state that the 
problem of minimization the objective function 1 2 1 2( , , , )F K K C C  is equivalent to the 
maximization of safety driving hours 1 2 1 2( , , , )K K C CΩ ; 
 
1 2 1 2 1 2 1 2min ( , , , ) max ( , , , )F K K C C K K C C≈ Ω          (13) 
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On the other hand, objective function (10) is expressed in terms of vibration exposure 
that should be minimized. For better interpretation of the objective function for 
advanced steering performance, instead of (10) we introduce a new function VΨ = − . 
Then, multi-objective optimization problem (11) is equivalent to the following problem 
[ ]
1 2 1 2
1 2 1 2 1 2 1 2 1 2 1 2
, , ,
max ( , , , ), ( , , , ) s.t. ( , , , )
K K C C
K K C C K K C C K K C C BΩ Ψ ∈  
           (14) 
In this formulation the higher values of Ω  lead to the improved comfort level for the 
driver and passengers, and the higher values of Ψ  ensure the better steering 
performance of the vehicle. 
Solutions to multi-objective optimization problem (14) can be defined as Pareto optimal 
(efficient) solutions that cannot be improved in terms of both criteria (the comfort level 
and the steering performance) at the same time. Pareto frontier is a set that combines all 
such efficient solutions.  
Together with the Pareto frontier, it is important to study the possibility of combining 
these two criteria in a single-objective that would provide a unique optimal solution for 
the parameters of vehicle suspension system. The following two sections suggest two 
different methods for generating a single-objective optimization problem. 
 
 
6. A Single-objective optimization model related to a given speed range 
  
In this section we construct a single-objective optimization problem for finding optimal 
parameters of the suspension system by considering different speed ranges.  
First we note that, any fixed speed of the vehicle corresponds to the number of 
frequencies , 1,...,i i nω = , which can be obtained from the road profile data (see 
numerical examples in Section 8). Therefore, objective functions in multi-objective 
optimization problems (11) and (14) are derived to calculate weighted accelerations 
(m/sec2) at a fixid speed of the vehicle. In other words, these problems can be used to 
find optimal parameters of the suspension system at any particular speed.  
 
Consider a speed range [ ]1 2,v v v∈ . We introduce an increasing weight function ( )ρ ν , 
with values in the interval [0,1], so that the values ( )ρ ν  and 1 ( )− ρ ν  describe the 
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priority to the steering properties and the comfort level, respectively, at speed ν  of the 
vehicle. Naturally, ( )ρ ν  should have higher values when the speed of the vehicle is 
high giving higher priority to the steering properties and vice versa. We set 
 
min 1 max 2( ) , ( )if ifρ ν = ρ ν = ν ρ ν = ρ ν = ν      
           (15) 
 
and 
 
[ ]min max 1 2( ) , , .v v vρ ≤ ρ ν ≤ ρ ∀ ∈        
           (16) 
 
Here  [ ]min max, 0,1ρ ρ ∈ are predefined numbers. 
 
  
Therefore, weight function ( )ρ ν  allows us to derive the following objective function  
 ( )( )2
1
1 2 1 2 1 2 1 2 1 2 1 2( , , , ) ( ) ( , , , ) 1 ( ) ( , , , ) dV FU K K C C V K K C C F K K C C
ν
ν ν
ν
= ρ ν ξ + − ρ ν ξ ν∫    (17) 
 
In this formula, for a given speed ν , functions 1 2 1 2( , , , )vF K K C C  and 
1 2 1 2( , , , )vV K K C C  are defined by (7) and (10), respectively. The coefficients Vξ  and 
Fξ  are used for the normalization of the values of functions  
1 2 1 2 1 2 1 2( , , , ), ( , , , )v vF K K C C V K K C C .  
Objective function (17) leads to the following optimization problem 
 
1 2 1 2
1 2 1 2 1 2 1 2
, , ,
min ( , , , ) s.t. ( , , , )
K K C C
U K K C C K K C C B∈ .                             (18) 
 
In contrast to the multi-objective optimization problem stated in (15), the single-
objective optimization problem (18) can provide a unique optimal solution for the 
parameters of the suspension system within a specified speed range.  
 
 
7. Single-objective optimization models with constraints 
 
In this section, at a fixed speed of the vehicle, we formulate two single-objective 
optimization problems by introducing constraints on the admissible safety driving time 
and the advanced steering properties of the vehicle.  
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In contrast to the multi-objective problem (14), that gives a set of non-dominated 
optimal parameters, it is possible to state single-objective function formulations from 
(14) by introducing constraints applied to one of the objective functions. Thus, (14) can 
be transformed into the following single-objective optimization problems. 
 
7.1. Maximization of the steering properties given an admissible safety driving 
time 
1 2 1 2
1 2 1 2
1 2 1 2
, , , 1 2 1 2
( , , , )
max ( , , , ) s.t. ( , , , )K K C C
K K C C
K K C C
K K C C B
Ω ≥ τ
Ψ 
∈
 .                  (19) 
In (19) parameter τ  is a specified time (in hours) related to safety driving and B  stands 
the box constraints imposed on the parameters 1 2 1 2, , ,K K C C  of the suspension system.  
 
 7.2. Maximization of the comfort level given a minimum level of steering 
properties 
1 2 1 2
1 2 1 2
1 2 1 2
, , , 1 2 1 2
( , , , )
max ( , , , ) s.t.      ( , , , )K K C C
K K C C
K K C C
K K C C B
Ψ ≥ ζ
Ω 
∈
.       (20) 
In (20) ζ  is a specified acceleration of the wheel (m/sec2) describing the steering 
properties of the vehicle. 
Problem (20) employs constraints on steering properties in terms of accelerations 
(m/sec2) that is not easy for interpretation. At the same time, problem (19) is much 
easier to be interpreted as it suggests the minimization of comfort level in terms of a 
specified minimum safety driving time. It allows to find optimal parameters for 
suspension of a vehicle with respect to the pre-defined safety driving time τ , and 
provision of the highest admissible steering properties.  
 
 
 
8. Numerical Examples  
 
In the numerical examples below we use 100m long reference section of the road profile 
of Alfred street (Victoria, Australia) that has been provided by the School of Science 
and Engineering, University of Ballarat. We consider a speed limit range 60km/h  − 
100km/h .  
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Analyzing vibration spectra of the given road profile, we use frequencies iω  from the 
range 0.2 – 80 Hz with ISO 2631 weighting values iW  shown on Fig. 2.  At the same 
time, since there are no investigations in the literature about the influence of vibration 
frequencies on steering properties, in the presented numerical examples weighting 
coefficient iΦ  associated with the steering properties of the vehicle is fixed at 1iΦ = . 
To determine more “reasonable” values of the coefficient iΦ  related to different 
frequencies would be a topic of future (Engineering oriented) investigations.  
The parameters of the quarter-car model are taken from [7], where 1 20kgM = , 
2 300kgM =  and the tire is considered with no damping property, i.e. 1 0C = .  
Duration of safety driving τ  in model (19) is specified as 1, 3 and 5 hours. The box 
constraints B are defined as follows: for spring ratios [ ]1 180000,300000 (N / m)K ∈  
and [ ]2 10000,30000 (N / m)K ∈ , for the damper viscosity [ ]2 2000,7000 ( sec/ )C N m∈ . 
Thus, taking also into account 1 0C = , the limiting box B for the above optimization 
problems has the form [ ] [ ] [ ]180000,300000 10000,30000 [0,0] 2000,7000B = × × × . 
In the numerical experiments we use the Algorithm for Global Optimization Problems 
(AGOP), introduced in [14]. This global optimization algorithm is designed for solving 
continuous optimization problems with specified box constraints. Efficiency of the 
algorithm has been demonstrated in solving many complicated practical problems, see 
[15] and the corresponding references therein.  
 
8.1. Multi-objective optimization problem for a fixed speed of the vehicle  
 
At a given speed, problem (14) provides a set of non-dominated (Pareto Efficient) 
solutions in terms of the comfort level and the steering performance. In Fig. 4 we 
present the Pareto Frontiers corresponding to the sets of Pareto Efficient solutions at 
different fixed speeds: 60km/h, 80km/h and 100km/h. To find Pareto Frontiers for this 
problem we consider a grid of three variables and calculate values of the objective 
function and then selected the Pareto Optimal ones. So, no optimization method has 
been applied for this problem. The provided curves give a general idea on the structure 
of Pareto Frontiers. 
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As it was mentioned above, increased safety driving time Ω  leads to the improved 
comfort level for a driver and passengers, while low level of accelerations Ψ of the 
wheel is necessary for advanced steering properties of a vehicle. For instance, for the 
defined safety driving time 2 hours, we have three different solutions for the speeds 
60km/h, 80km/h, and 100km/h. On the other hand, for safety driving time 5 hours, there 
is only one solution corresponding to the speed 60km/h and providing poor steering 
properties of the vehicle. 
 
Figure 4. Pareto Frontiers related to problem (14) for the comfort level and the steering 
properties obtained for Alfred street (Ballarat, Australia) for fixed speeds 60km/h , 
80km/h, and 100km/h. The comfort level is represented by the safety driving time Ω  
(in hours), the steering properties are represented by VΨ = − , where V is the 
acceleration of the wheel.  
 
 
 
8.2. Single-objective optimization problem with a specified safety driving time  
 
In this section we deal with the problem (19) described above by taking the safety 
driving time τ  for the improved comfort level  as 1, 3 and 5 hours. Solving this 
problem, we obtain optimal parameters of the tire stiffness 1K , suspension spring 2K  
and damper 2C  for advanced steering performance. The optimal values of these 
parameters corresponding to safety driving times 1, 3, and 5 hours are listed in Table 1. 
We can observe that at speed 100km/h  it is not possible to guarantee safety driving time 
3τ ≥  hours within the specified constraints for parameters 1 2 2, ,K K C . Also, for any 
speed higher than 80km/h , it is not possible to provide the defined safety driving time 
5τ ≥  hours. 
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Table 1. The optimal parameter values 2C  and 2K  of suspension and tire stiffness 1K  
of the quarter- car model for advanced steering properties and safety driving times τ = 
1, 3, and 5 hours (obtained by applying the AGOP algorithm to problem (19)). 
 
 
 
8.3. Single-objective optimization problem for a given speed range of the vehicle 
 
 In this numerical example, we obtain optimal parameters of the suspension 
system 1 2 2, ,K K C  with the specified speed range in the optimization problem (18).  
As there are no appropriate investigations in the literature about the priorities between 
the comfort level and the steering properties, in this paper we employ weight function 
( )ρ ν , described in (15), (16), to determine the priority coefficients within the 
considered speed range [ ] [ ]1 2, 60;100v v v∈ =  in the following manner. 
It is quite natural to take min 0ρ =  and max 1ρ = . Also, at some point (speed) mv , it 
could be expected that ( ) 0.5mvρ = , i.e. equal weights are applied to both the comfort 
level and the steering properties. For the considered speed range [ ]60;100v ∈ , we set 
80 /mv km h= . 
Thus, we introduce the following weight function ( )ρ ν  that satisfies the above 
conditions 
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( )
1 exp m
p v
v v
λ
=
−
+
µ
;     where 1; 3.65; 80mvλ = µ = = .       (21) 
Plot of the weight function (21) is shown in Figure 5. 
 
Figure 5. Plot of the weight function  ( )ρ ν  
 
Objective function U in (17) can be calculated by considering different speed ranges. 
We note that at any given speed v, a significant amount of calculations related to the 
road profile modeling are required for the evaluation of functions Vν  and Fν . That is 
why, instead of calculating the integral corresponding to a particular speed range, in this 
numerical example we will take the sum at different speeds with the step length 10km/h.  
For example, for the speed range [ ]60;100v ∈ we take the sum 
( )( )1 2 1 2 1 2 1 2 1 2 1 2
60,70,80,90,100
( , , , ) ( ) ( , , , ) 1 ( ) ( , , , )V F
v
U K K C C V K K C C F K K C Cν ν
=
= ρ ν ξ + − ρ ν ξ∑      (22) 
 
The coefficients Vξ  and Fξ   in (22), that are used for the normalization of values of 
functions 1 2 1 2( , , , )F K K C C  and 1 2 1 2( , , , )V K K C C , are defined to be 0,125Vξ =  and 
1Fξ =  according to the actual values of these functions over the box B.  
We solve problem (18) by considering different speed ranges. The optimal solutions of 
parameters 1 2 2, ,K K C corresponding to the different speed ranges are presented in 
Table 2. At low speeds the comfort level is expected to be the dominant factor in the 
optimization, while at high speeds the advanced steering performance is expected to 
have higher priority. The following speed ranges are considered: low ([60;80]), medium 
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([80;90]), high ([90; 100]) and the whole range ([60; 100]). Here we can see the 
following tendencies: at any speed range parameter 1K  remains at its minimum value, 
while high speeds require the maximum values for parameters 2 2,K C . At the same 
time, for the whole speed range ([60; 100]) the optimal values of parameters 2 2,K C  are 
found in the interior of the corresponding intervals. 
 
 
Table 2. The optimal parameter values 2C  and 2K  of suspension and tire stiffness 1K  
of the quarter-car model with the specified speed ranges (obtained by applying the 
AGOP algorithm to problem (18)) 
Optimal values of the parameters Vehicle speed 
range 
(km/h) 
1K (N/m) 2K (N/m) 2C (N sec/m) 
Low speed range 
60-80 180000 10000 2000 
Medium speed 
range 
80-90 
180000 8000 3100 
High speed range 
90-100 180000 23000 3800 
Whole speed range 
60-100 180000 18000 3300 
 
10. Conclusions 
 
This paper presents a contribution to vibration analysis by developing mathematical 
models of the vehicle suspension system including multi-objective and single-objective 
optimization problems to provide advanced steering properties of a vehicle and 
admissible comfort level for a driver and passengers. The presented mathematical 
models are used for vibration exposure evaluation and calculating safety driving hours 
for the driver at steady state harmonic vibrations. Numerical examples are conducted on 
the basis of real road profiles in Australia.   
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9. A comparative study of different models of 
the suspension systems  
 
In this paper a comparative study of different suspension systems based on Kelvin, 
Maxwell and Zener elements in terms of the comfort levels and steering properties is 
presented using single-objective optimization problems with constraints described in the 
previous chapter. The results of this study suggest that suspension systems based on the 
Kelvin element lend themselves to optimization and tuning much easier than suspension 
systems built on the Zener or Maxwell elements. 
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level and handling performance 
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Abstract: In this paper three different suspension designs are compared in terms 
of improved comfort levels and advanced steering properties of the vehicle. 
Mathematical models of these designs which are based on Zener, Maxwell, and 
Kelvin elements are constructed. Optimization problems are formulated involving 
comfort levels and steering performances. The optimality criteria for the improved 
comfort levels utilizes the international standards of admissible acceleration levels 
defined by ISO 2631 (1997) standards. The optimality criteria for steering 
performance is constructed to minimize the wheel vibration which impacts the 
steering quality of the vehicle. Numerical examples are provided for the 
comparative analysis of the presented quarter-car designs. Power spectral 
densities of actual Australian roads are employed in these examples to simulate 
real driving conditions. The results obtained suggest that suspension systems 
based on Kelvin elements are more capable of providing admissible comfort 
levels and advanced steering properties of the vehicle. 
 
Keywords: Vehicle suspension system, Comfort level, Kelvin element, Maxwell 
element, Zener element. 
 
1. Introduction 
 
The problem of finding optimal parameters of different vibrating systems has been 
investigated in [1] and [2]. Pavic [3] studied the influence of damping fluid viscosity on 
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energy dissipation in vibrating structures. The main features of viscoelastic elements are 
discussed in [4] and [5]. The dynamic response and description of viscoelasticity of the 
Zener and Maxwell elements are presented in [10] and [11]. 
A number of techniques, including the Finite Element Analysis (FEA), have been 
utilized to find optimal parameters for vehicle suspension systems [6 - 9]. However, the 
literature review suggests that most of the suspension system designs considered are 
based on Kelvin elements and no attention is given to systems whose designs are based 
on the Zener or Maxwell elements. This paper is dedicated to covering this gap by 
considering three suspension system designs based on Zener, Maxwell, and Kelvin 
elements. For these systems, single-objective optimization problems will be formulated 
by involving either the comfort level or the steering properties of a passenger vehicle. 
The approach utilizes methodologies presented in [12], the ISO standards [13], and [14-
17]. 
 
In [14 - 17] Kuznetsov et al present a considerable effort to optimize the ride comfort 
level by utilizing a quarter-car design based on Kelvin elements in optimization models. 
Solutions based on these models would result in a higher level of comfort for long-term 
exposure to vertical accelerations. Together with the comfort levels, in this paper, the 
problem of the steering properties is considered by applying methods from [12] and 
[16].  
 
For the considered quarter-car models, analytical closed-form solutions, for the steady 
state (harmonic) vibration, are obtained and employed for the construction of the 
objective function which is based on the ISO requirements for describing comfort levels 
during a ride. Moreover, another objective function has been employed separately to 
describe the steering properties of a vehicle. It is important to mention here that the 
objective functions for the comfort levels and steering properties are inconsistent in the 
sense that high comfort levels do not correspond to advanced steering properties, see 
[12] and [16]. Therefore, a single-objective optimization problems with constraints has 
eventually been constructed for the problem. 
Several numerical examples are given for a comprehensive comparative analysis of 
different quarter-car designs to find the most reasonable suspension system.  
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This paper is structured in such a manner that initially we introduce the problem and 
then present the main stages of model development before numerical examples and 
results are discussed.  
 
2. Analysis of the quarter-car model based on Zener elements 
 
In the quarter-car design based on Zener element, the upper mass 2M  is the body of the 
vehicle and the lower mass 1M  is the wheel. The scheme of the two mass quarter-car 
model based on Zener element is shown on Figure 1.  
 
 
 
Figure 1. Quarter-car model based on Kelvin and Zener elements 
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Applying a time-based vertical excitation ( )u t to the underside of the system, the 
governing second order equations of the motions of both masses will be as follows  
1 1 1 1 1 1 2 1 3 2 1 2 1 1
2 2 2 1 2 3 2 3
3 2 3 2 1 3
( ) ( ) ( ) ( )
( ) ( ) 0
( ) ( ) 0
M x C x K x C x x K x x C u t K u t
M x K x x K x x
K x x C x x
+ + + − + − = +⎧⎪ − − + − =⎨⎪ − + − =⎩
    

 
         (1) 
 
For the purpose of this paper, the excitation is represented by a harmonic function of the 
form ( ) exp( )u t A j t= ω , where 1j = − , with an amplitude A  and a circular 
frequency ω . As suggested by many authors (e.g. [4]), the steady-state solution which 
corresponds to the harmonic excitation, may be assumed in the form 
exp( )k kx X j t= ω  where kX  is the vibration amplitude and 1,2,3k = . In accordance 
with this definition, it is possible to conclude that k kx j x= ω  and 2k kx x= −ω . As 
such, system (1) above can now be simplified as follows 
2
1 1 1 1 1 1 2 1 3 2 1 2 1 1
2
2 2 2 1 2 3 2 3
3 2 3 2 1 3
( ) ( ) ( ) exp( )
( ) ( ) 0
( ) ( ) 0
M x j C x K x j C x x K x x j C K A j t
M x K x x K x x
K x x j C x x
⎧− ω + ω + + ω − + − = ω + ω⎪⎪− ω − − + − =⎨⎪ − + ω − =⎪⎩
        (2) 
A solution to system (2) can be presented in the following matrix form 
1( ) ( )t t−= ⋅X G PG G ,                     (3) 
where 
1
2
3
2
1 1 2 1 2 2 2
2
2 2 2 3 3
2 3 3 2
1 1
( )
( )
( )
( )
( ) exp( )
0
0
x t
t x t
x t
M j C C K K K j C
K M K K K
j C K K j C
j C K A j t
t
⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞− ω + ω + + + − − ω⎜ ⎟⎜ ⎟= − − ω + + −⎜ ⎟− ω − + ω⎜ ⎟⎝ ⎠
ω + ω⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
X( )
G
P( )
JG
JG
        (4) 
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From (3) and (4), the steady state motions of both masses are presented as follows 
2
2 3 2 2 3 2 2 3 1 1
1
2 3 2 2 3 1 1
2
( ( ) ( ))( )( ) exp( )
( ( ))( )( ) exp( )
K K M j C K j C K K j C Kx t A j t
Q jR
K K j C K K j C Kx t A j t
Q jR
⎧ − ω ω + + ω + ω += ω⎪⎪ +⎨ + ω + ω +⎪ = ω⎪ +⎩
     (5) 
where 
2 2 4 2 2
1 2 3 2 1 3 2 3 2 1 1 2 3 1 2 2 2 3
3 3 3 2
2 1 2 3 1 1 3 2 2 2 1 2 3 2 3 1 1 2 2 3 2
( ) ( )
( ) ( ) ( )
Q K K K M K K K K M M M M K C C M K K
R K K C K C K K C M C K K K M K C M C K K M
= − + ω + ω + − ω + ω − ω + +
= ω + + ω − ω + + − ω − ω + − ω
     (6) 
As suggested earlier, the steady state accelerations of the masses may be given as 
follows  
2
1 1
2
2 2
( ) ( )
( ) ( )
a t x t
a t x t
⎧ = −ω⎪⎨ = −ω⎪⎩
                (7) 
The ISO standards [13] assume that the vibration spectrum consists of n  bands with 
corresponding frequencies , 1,...,i i nω = . Taking into account this assumption, we 
consider the steady state accelerations 1 ( )ia t  and 2 ( )ia t , corresponding to frequencies 
, 1,...,i i nω = , that are represented in the following form 
2 2
2 3 2 2 3 2 2 3 1 1
1
2
2 3 2 2 3 1 1
2
( ( ) ( ))( ) exp( )( )
( ( ))( ) exp( )( )
i i i i i i
i
i i
i i i i
i
i i
K K M j C K j C K K j C K A j ta t
Q jR
K K j C K K j C K A j ta t
Q jR
⎧ − − ω ω + + ω + ω + ω ω=⎪ +⎪⎨ − + ω + ω + ω ω⎪ =⎪ +⎩
    (8) 
3. Determination of the comfort level in accordance with the ISO 2631 
(1997) standards 
 
In accordance with the ISO standards [13], vibration evaluation includes measurements 
of a weighted root-mean-square (r.m.s.) accelerations at the interface between the 
human body and the vibrating structure. The following formula is given in [13] to 
quantify the level of ride comfort 
1
2
2 2
1 2 1 2
0
1( , , , ) ( ) d
Tn
i i
i
E K K C C W y t t
T
⎛ ⎞⎜ ⎟= ⎜ ⎟⎝ ⎠
∑ ∫             (9) 
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where T  is the duration of measurements of vibration exposure and iW  is a weighting 
coefficient associated with each frequency iω . The values of iW  as suggested by the 
ISO code, are shown in Fig. 2. In (9) above, ( )iy t  are the accelerations corresponding 
to the vibration frequency iω . 
 
Figure 2. Principal frequency weighting coefficients for vertical accelerations, as 
suggested by ISO 2631  
(1997) 
 
The formula (9) is employed in this paper as an objective function which should be 
minimized in order for the comfort level to be improved. In recent publications [14] and 
[15], for large time periods T, this objective function has been reformulated by setting 
( )2( ) Re ( )i iy t a t=  and replacing the expression 2
0
1 ( )d
T
iy t tT ∫  with its 
limit 2
0
1lim ( )d
T
i
T
y t t
T→∞
⎛ ⎞⎜ ⎟⎜ ⎟⎝ ⎠∫ . This allows us to formulate an optimization problem for 
finding the best spring constants ( 1 2 3, ,K K K ) and damping coefficients ( 1 2,C C ) that 
do not depend on the length of time over which the measurements were collected. 
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Applying this technique to (8) and (9), the resulting objective function for the 
suspension system based on a Zener element is represented in the following form  
( ) ( ) 14 2 2 2 2 2 2 2 2 2 21 1 2 3 2 2 3 2
1 2 3 1 2 2 2
1
( )
( , , , , )
2( )
n i i i i
KZ i
i i
C K K K C K K
F K K K C C W
R Q
⎡ ⎤⎛ ⎞ω Α ω + + ω +⎢ ⎥⎜ ⎟= ⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑   (10) 
It is important to note that the formula given in (10) does not involve the vibration 
exposure period T .   
 
To this end, the optimization problem can be expressed as follows 
1 2 3 1 2Minimize: ( , , , , )KZF K K K C C            (11) 
31 2 1 21 2 3 1 2Subject to: , , , ,
KK K C CK B K B K B C B C B∈ ∈ ∈ ∈ ∈  
where 31 2 1 2, , , ,KK K C CB B B B B  are box constraints for the corresponding 
parameters of the quarter-car model. 
 
4. Objective function for vehicle handling performance  
 
Since the handling performance of a vehicle depends on the forces applied at wheel, a 
high wheel vibration leads to poor steering properties. Based on this concept, the work 
featured in [16] suggests that the steady state vibration ( )z t  of the wheel can be used to 
quantify the vehicle handling performance. This vibration is represented here by the 
acceleration of the unsprung mass, i.e. ( )1( ) Re ( )i iz t a t= , at different frequencies 
, 1,...,i i nω = . Moreover, the mathematical definition given in (10) for the ride comfort 
level is employed here to quantify the steering properties of the vehicle. For this 
purpose, the following objective function is introduced 
1
2
2
1 2 3 1 2
1 0
1( , , , , ) lim ( )
Tn
KZ i
Ti
V K K K C C z t dt
T→∞=
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
∑ ∫          (12) 
where ( )1( ) Re ( )i iz t a t=  and 1 ( )ia t  is defined in (8). After simplifying (12) we have 
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( )( ) 14 2 2 2 2 2 2 2 2 2 2 2 21 1 3 2 2 2 2 3 2
1 2 3 1 2 2 2
1
2( ) ( )
( , , , , )
2( )
n i i i i i i
KZ
i i i
C K K K M C K K M
V K K K C C
R Q=
⎡ ⎤⎛ ⎞ω Α ω + −ω +ω + −ω⎢ ⎥⎜ ⎟=⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑    (13) 
Thus, the optimization for advanced steering properties of the vehicle can be formulated 
as follows 
KZ 1 2 3 1 2Minimize: V ( , , , , )K K K C C            (14) 
31 2 1 21 2 3 1 2Subject to: , , , ,
KK K C CK B K B K B C B C B∈ ∈ ∈ ∈ ∈  
 
 
5. Possible variations of the Zener element for modeling suspension 
systems based on Maxwell and Kelvin elements 
From Figure 1 it can be observed that the Zener element combines both the Maxwell 
and Kelvin elements, see [10] and [11]. Therefore, the mathematical formulae presented 
above, for the quarter-car design which is based on the Zener element, can be slightly 
modified to for vibration analysis of suspension systems based on either Kelvin or the 
Maxwell elements. For example, if the spring stiffness 3K  is set equal to an extremely 
high value (i.e. 3K →∞ ), the vibration properties of the Zener element would be 
identical to those of a Kelvin element. On the other hand, if the stiffness 2K  is absent 
from the above models, the Zener element would be transformed into a Maxwell 
element, see [10] and [11]. 
 
5.1. Quarter-car design based on Kelvin elements.  
The objective function of the comfort levels for the quarter-car designs which are based 
on Kelvin elements has been obtained in [15] and [16] as follows 
( ) ( ) 14 2 2 2 2 2 2 2 21 1 2 2 2
1 2 1 2 2 2
1
( , , , )
2( )
n i i i i
KK i
i i
C K K C
F K K C C W
L N
⎡ ⎤⎛ ⎞ω Α ω + + ω⎢ ⎥⎜ ⎟= ⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑       (15) 
where  
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3 3 3
1 2 2 1 1 2 2 1 2 2
2 2 2 4
1 2 1 2 1 2 2 1 2 2 1 2
i i i i i i
i i i i i i
L C K C K C M C M C M
N K K C C K M K M K M M M
= ω + ω −ω −ω −ω
= −ω −ω −ω −ω + ω
        (16) 
 
Also, the objective function for advanced steering properties of the vehicle is given in 
[16] as follows 
( ) ( ) 14 2 2 2 2 2 2 2 2 21 1 2 2
1 2 1 2 2 2
1
2( )
( , , , )
2( )
n i i i i i
KK
i i i
C K C M K
V K K C C
L N=
⎡ ⎤⎛ ⎞ω Α ω + ω + ω −⎢ ⎥⎜ ⎟= ⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑     (17) 
 
The objective functions (15) and (17) can also be obtained directly from (2) - (10) by 
setting 3 2x x= . In such a case, the upper spring is replaced by a rigid rod (i.e. 
3K →∞ ). Consequently, the third equation of system (2) should be omitted as it 
becomes irrelevant. Therefore, system (2) for a Kelvin element-based design is as 
follows 
2
1 1 1 1 1 1 2 1 2 2 1 2 1 1
2
2 2 2 2 1
( ) ( ) ( ) exp( )
( ) 0
M x j C x K x j C x x K x x j C K A j t
M x K x x
⎧− ω + ω + + ω − + − = ω + ω⎪⎨− ω + − =⎪⎩
   (18) 
 
Finally, dividing (10) and (12) by 3K  and taking limit 3K →∞  we easily obtain 
objective functions (15) and (17). This is performed as follows 
( ) ( )( )
( )( )
3 3
1
2
4 2 2 2 2 2 2 2 2 2
1 1 2 3 2 2 3 2
1 2 3 1 2 2 2
1 2
3
3 3
4 2 2 2 2 2 2 2
1 1 2 2 2
2 2
1
( )
lim ( , , , , ) lim
2
2( )
n i i i i
KZ i
K K
i i
n i i i i
i
i i
C K K K C K K
F K K K C C W
R Q
K
K K
C K K C
W
L N
→∞ →∞
⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟ω Α ω + +ω +⎢ ⎥⎜ ⎟= =⎢ ⎥⎜ ⎟⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟+⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎛ ⎞ω Α ω + +ω⎜ ⎟⎜ ⎟+⎜ ⎟⎝ ⎠
∑
∑
1
2
1 2 1 2( , , , )KKF K K C C
⎤⎢ ⎥ =⎢ ⎥⎢ ⎥⎣ ⎦
   (19) 
and 
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( ) ( ) ( )
( ) ( )
3 3
1
2
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where we used the relations 
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   (21) 
Optimization problems for improved comfort levels and advanced steering properties 
can be stated similar to (11) and (14) by taking corresponding objective functions KKF  
and KKV . 
 
5.1. Quarter-car design based on Maxwell element.  
As suggested above, a Zener element would transform into a Maxwell element if the 
spring stiffness 2K  is not included in the model. Then system (2) can be rewritten in 
the following way 
2
1 1 1 1 1 1 2 1 3 1 1
2
2 2 3 2 3
3 2 3 2 1 3
( ) ( ) exp( )
( ) 0
( ) ( ) 0
M x j C x K x j C x x j C K A t
M x K x x
K x x j C x x
⎧− ω + ω + + ω − = ω + ω⎪⎪− ω + − =⎨⎪ − + ω − =⎪⎩
              (22) 
The objective function for the comfort levels for this type of suspension system can be 
obtained from (10) by setting 2 0K = ; 
( ) 16 2 2 2 2 2 2 21 1 2 3 2
1 3 1 2 2 2
1
( , , , )
2( )
n i i i
KM i
i i
C K C K
F K K C C W
J B
⎡ ⎤⎛ ⎞ω Α ω +⎢ ⎥⎜ ⎟= ⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑        (23) 
where 
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3 3 3 3
1 3 2 2 2 1 3 2 3 1 1 2 3 2
( )
( ) ( )
i i i i
i i i i i i
J M K K M M K C C M K
B K K C M C K K M K C M C K M
= ω − ω + ω − ω +
= ω − ω + − ω − ω − ω
    (24) 
 
Similarly, the objective function for the steering properties of the vehicle is obtained by 
letting 2 0K =  in (12) as follows 
 
( )( ) 14 2 2 2 2 2 2 2 2 2 2 21 1 2 3 2 3 2
1 3 1 2 2 2
1
( )
( , , , )
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n i i i i i i
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i i i
C K M K C K M
V K K C C
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⎡ ⎤⎛ ⎞ω Α ω + −ω +ω −ω⎢ ⎥⎜ ⎟=⎢ ⎥⎜ ⎟+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑    (25) 
 
Optimization problems for improved comfort levels and advanced steering properties 
can be stated similar to (11) and (14) by taking corresponding objective functions KMF  
and KMV . 
 
6. Numerical Examples  
 
In this section numerical examples are given to evaluate the suitability of the three 
presented suspension system designs for vehicle applications. The Algorithm for Global 
Optimization Problems (AGOP), which is introduced in [18], is employed for the 
analysis owing to its suitability to handle continuous optimization problems with 
defined box constraints. 
 
6.1. Optimization of the quarter-car model based on Zener element.  
In the numerical examples below we use road profiles of several 100m-long reference 
sections of Ballarat roads (Victoria, Australia) as described in [17]. The profiles of these 
roads feature a country road (Alfred Street), and city road (Wendouree Parade) and a 
highway (the Ring Road). For the three roads, a speed range of 60 km/h  − 100 km/h  
is used in the analysis. 
 
To resolve the vibration spectra of the given road profiles, we use frequencies iω  in the 
range of 0.2 – 80 Hz with the ISO 2631 weighting values iW  shown in Fig. 2. We also 
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employ the health guidance caution zones (B2) given in the ISO 2631-1. These are 
represented by time limits, in hours, of vibration exposure with No Health Risk 
conditions (NH) shown in Figure 3. 
 
The parameters of the quarter-car model are taken in reference to [12], [15], and [16] 
where 1 20kgM = , 2 300kgM =  and the tire is considered with no damping property, 
i.e. 1 0C = . Also, box constraints 31 2 2, , ,KK K CB B B B  for the stiffnesses of the tire 
and a suspension spring are defined in reference to [12], [15]: 
[ ]1 180000,240000 / ,K N m∈  [ ]2 10000,25000 /K N m∈ . Similarly, the box 
constraints for the upper spring of the Zener model is as follows 
[ ]3 65000,175000 /K N m∈  and the damping properties of shock absorber are defined 
by the following domain: [ ]2 2000,4000 sec/C N m∈ .  
 
Optimal values of the parameters 1K , 2K , 3K , and 2C  for the problems (10) and (12) 
are given in Table 1. In Table 2 we presented the minimum values of the objective 
function obtained for improved comfort levels (10) (i.e. weighted accelerations given in 
m/sec2) and the corresponding values for maximum safety driving hours as suggested by 
ISO for No Health Risk Conditions, see [13] and [14]. On the other hand, the obtained 
minimum values of the objective function for the steering properties of the vehicle 
(m/sec2) are listed Table 3, where lower values of the objective functions lead to 
advanced handling of the vehicle.  
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Figure 3. Health guidance caution zones (B2) of ISO 2631-1: time limits (hours) of 
vibration exposure with No Health Risk conditions (NH)  
 
 
 
 
Table 1. The optimal parameter values 2C , 2K  and 3K  of suspension system and tire 
stiffness 1K  of the suspension systems based on Zener element (KZ), Kelvin elements 
(KK), and Maxwell element (KM)  for the considered sections of the Ballarat roads. 
 
Vehicle speed 
range 60 – 100 
(km/h) 
Model 1K (N/m) 2K (N/m) 3K (N/m) 2C (N 
sec/m) 
KZ 180000 10000 65000 2000 
KK 180000 10000 N/A 2000 
Optimal 
parameters for 
improved comfort 
level KM 180000 N/A 65000 2000 
KZ 180000 25000 175000 4000 
KK 180000 25000 N/A 4000 
Optimal 
parameters for 
advanced steering 
properties KM 180000 N/A 175000 4000 
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6.2. Optimization of a vehicle suspension design based on two Kelvin elements. 
For a Kelvin element-based design, box constraints for parameters 1K , 2K ,and 2C  
remain identical to the corresponding values given in Section 6.1. The obtained results 
are presented in Tables 1 - 3 for the problems (15) and (17). A more detailed discussion 
of this common suspension system design, in regards to comfort levels and advanced 
steering properties, may be sought in [16]. 
 
6.3. Optimization of the quarter-car design based on Maxwell element. 
Generally speaking, this suspension system designed may be realized by a gas charged 
shock absorber if the main suspension spring is removed from the system. For the 
numerical example we used the same road profiles and parameters of the vehicle as 
given in Section 6.1. The box constraints for parameters 1K , 2K ,and 2C  are also taken 
from Section 6.1. The results obtained for the objective functions (23) and (25) are 
given in Tables 1 - 3. These results reveal that the suspension system based on Zener 
and Maxwell elements provide higher comfort levels, while a quarter-car design based 
on Kelvin elements ensures better handling performance of the vehicle. Therefore, an 
additional comparative analysis has been undertaken as detailed in the next section.  
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Table 2.  Minimum values (weighted accelerations, m/sec2) of the objective functions 
1 2 3 1 2( , , , , )KZF K K K C C ,  1 2 1 2( , , , )KKF K K C C , and 1 3 1 2( , , , )KMF K K C C  for 
suspension systems based on Zener element (KZ), Kelvin elements (KK), and Maxwell 
element (KM) achieved by found optimal parameters 11 180000K = , 
1
2 10000K = , 13 65000K = , and 12 2000C =  from Table 1 for improved comfort levels 
on the considered Ballarat roads. Maximum safety driving hours allowed by the ISO 
criterion for No Health Risk Condition and defined by the obtained weighted 
accelerations are shown in brackets. Higher values of safety driving hours show higher 
comfort level for a driver and passengers. The corresponding values of the objective 
functions of the steering properties 1 1 1 1 11 2 3 1 2( , , , , )KZV K K K C C ,  
1 1 1 1
1 2 1 2( , , , )KKV K K C C , 
and 1 1 1 11 3 1 2( , , , )KMV K K C C  are listed for clarity.  
The following format of data is 
used in the table  
 
 
 
 
 
 
F  values at solution (Safety driving hours) 
V  values at solution 
124 
Table 3. The minimum values (m/sec2)  of the objective functions 
1 2 3 1 2( , , , , )KZV K K K C C ,  1 2 1 2( , , , )KKV K K C C  , and 1 3 1 2( , , , )KMV K K C C  for a 
suspension systems based on Zener element (KZ), Kelvin elements (KK), and Maxwell 
element (KM) achieved by found optimal parameters 21 180000K = , 
2
2 25000K = , 23 175000K = , and 22 4000C =  from Table 1 for advanced steering 
properties of the vehicle. Lower values of the objective functions mean advanced 
handling performance of the vehicle. The corresponding values of the objective 
functions of the comfort levels 2 2 2 2 21 2 3 1 2( , , , , )KZF K K K C C ,  
2 2 2 2
1 2 1 2( , , , )KKF K K C C  , 
and 2 2 2 21 3 1 2( , , , )KMF K K C C  and maximum safety driving hours allowed by the ISO 
criterion for No Health Risk Condition (shown in brackets) are listed for clarity. 
The following format of data is 
used in the table  
 
 
 
 
 
V  values at solution 
F  values at solution (Safety driving hours) 
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6.4. Single-objective optimization problem with a specified safety driving time  
In this section we formulate a single-objective optimization problem by introducing 
constraints on the admissible safety driving time. In [16] the following transfer function 
was introduced to express the vibration exposure duration (safety driving hours) for No 
Health Risk condition criterion by the ISO 2631 in terms of weighted acceleration 
values (m/sec2) of the objective function for improved the comfort levels F ; 
( ) ( ) ( )21 4
2( )
F F F F
F
⎛ ⎞Ω = β − δ + β − δ + φ− χ α −⎜ ⎟φ − χ ⎝ ⎠         (26) 
where 3.6621, 38.396, 4, 33.35and 13.1957α = β = χ = δ = φ = . 
 
The right hand side of (26) is a strictly decreasing function of F  within the considered 
interval [0.21; 4]. 
Thus, safety driving hours Ω  for No Health Risk Condition defined by the ISO can be 
used instead of F  (m/sec2) for easier interpretation of the comfort levels. Obviously, 
the problem of minimization of the objective function F  is equivalent to the 
maximization of safety driving hours Ω : 
 
minimize maximizeF ≈ Ω .           (27) 
 
Here F  denotes any of the three comfort level objective functions: 
1 2 3 1 2( , , , , )KZF K K K C C , 1 2 1 2( , , , )KKF K K C C  or 1 3 1 2( , , , )KMF K K C C . 
Therefore, for the considered suspension system designs, single-objective optimization 
problems for improving steering properties and providing admissible safety driving time 
can be presented in the following form 
 
minimize s.t. and box constraints for variablesV Ω ≥ τ        (28) 
where V  denotes any of the three steering properties objective functions: 
1 2 3 1 2( , , , , )KZV K K K C C , 1 2 1 2( , , , )KKV K K C C  or 1 3 1 2( , , , )KMV K K C C . In (28), τ  
is the specified admissible driving times (hours). Thus, (28) is the optimization problem 
for improved handling properties of a vehicle given with respect to a desired driving 
time. 
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In the numerical example, we need to define limiting values for driving hours τ . It is 
quite reasonable to consider longer driving hours for highways or city roads than for 
country roads. In the numerical examples we set maximum of 3 hours of driving on 
country roads, 5 hours on city roads, and 8 hours on highways.  
By solving problem (28) we obtain minimal values of the objective functions KZV , 
KKV , and KMV  for advanced steering performance with the defined admissible driving 
times τ  for the simulated country and city roads, and highways. The results for the 
analyzed suspension systems are listed in Table 4. These results suggest that the 
suspension system based on Maxwell cannot provide admissible handling performance 
on all three types of roads to guarantee the specified safety driving hours τ . The 
quarter-car design based on Zener element features satisfactory steering properties, 
whilst the suspension system which utilizes Kelvin elements provides advanced steering 
properties and ensuring reasonable safety driving times on country and city roads and 
highways. 
From an engineering point of view, it can be concluded that due to serial connection of 
the damper and spring in suspension systems of the quarter-car design, Zener and 
Maxwell elements provide low transmissibility of the vibrations to body of the vehicle, 
featuring excellent comfort levels. On the other hand, such a serial connection of the 
spring and damper leads to high accelerations of the wheel and poor steering properties 
of the vehicle. 
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Table 4. The obtained minimum values for the optimization problem (28) with the 
specified minimum safety driving hours (ISO) for different types of the roads. Lower 
values of the objective functions mean advanced handling performance of the vehicle 
 
 
 
7. Analysis of the obtained results 
On the basis of the obtained results, positive and negative features of the studies designs 
are pointed out in the following sections. 
 
7.1 Quarter-car designs based on the Zener element. 
 
The obtained optimal parameters for improved comfort level presented in Table 1 for a 
suspension system based on Zener element agree with the results obtained in [14 - 16] 
for two Kelvin elements. These results suggest that low spring stiffness and damping 
coefficients provides improved comfort levels while high spring stiffness and damping 
coefficients ensures better handling properties. However, quarter-car designs based on 
the Zener element feature improved comfort levels and poor vehicle steering properties. 
 
7.2 Quarter-car design based on the Maxwell element. 
 
This quarter-car design corresponds to the highest comfort levels but cannot provide 
admissible steering properties for the vehicle.  
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7.3  Quarter-car design based on two Kelvin elements. 
 
This common type of the quarter-car model provides good comfort levels and ensures 
excellent vehicle steering properties. Moreover, the absence of the serial connection of 
the damper and spring in the Kelvin element leads to higher influence shown by the 
damping coefficients on comfort levels and steering properties of the vehicles, see [12] 
and [16]. 
 
8. Conclusions 
 
The presented paper contributes to vibration analysis by considering different designs of 
the vehicle suspension systems. Single-objective optimization problems, one for 
improved comfort level for a driver and one for the vehicle steering properties, are 
formulated and employed to compare performance of the studied designs under steady 
state harmonic vibrations. Numerical examples are presented on the basis of real road 
profiles in Australia and the obtained results reveal that the serial connection of the 
spring and damper in the quarter-car models based on Zener and Maxwell elements 
produce improved comfort levels and poor handling performance for the vehicle. On the 
other hand, Kelvin element provides reasonable levels of comfort and advanced steering 
properties. The results of this study suggest that suspension systems based on the Kelvin 
element lend themselves to optimization and tuning much easier than suspension 
systems built on the Zener or Maxwell elements. 
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10. Conclusions 
 
The problem studied in this thesis is inspired by necessity to ensure both (i) 
comfort and safe riding for a driver and passenger(s) of a vehicle; and (ii) advanced 
steering properties, known also as the vehicle handling performance.  
As it analysed in the thesis, vehicle suspension systems cannot fulfil these two 
demands simultaneously: smooth and comfortable riding needs in both "soft" springs 
and dashpots, while the advanced steering performance needs in at least "stiff" spring. 
In literature, the so-called optimal vehicle suspension tuning is considered as a search 
for a solution for a particular criterion. Moreover, the real physical experiments revealed 
that a human perception of the "optimal" tuning of a vehicle suspension recommended 
by manufacturers, depends upon a large number of different factors, including road 
conditions, driving speeds, duration of driving, etc. Thus, there arises a natural question 
of developing a more systematic approach allowing to find optimal parameters of the 
suspension system, that could be based on objective methodology and measurements. 
In this thesis, a new methodology is developed in the framework of the ISO 
standards specifying the admissible levels and duration of vibration exposure on 
humans, as well as real road spectral functions obtained in the course of experimental 
studies carried out by independent researches from Swinburne University of 
Technology and the University of Ballarat. The obtained spectral functions correspond 
to a number of Australian roads belonging to different classes: highways, city roads and 
country roads. Thus, the new target function is related to the admissible safety driving 
time (evaluated by the ISO standards) that a driver can withstand while riding along a 
particular road with the allowed speed, or a prescribed mixture of different roads with 
the correspondingly allowed or the most probable speeds. On the other hand, the 
suggested approaches allow to define maximum safety driving hours for the given road 
conditions and to find the optimal parameters of the analyzed suspension system. 
The methodology developed cannot be formulated without involving a suitable 
mathematical model for analysing vibrations of a human body sitting in a moving 
vehicle. Several models are considered in this respect, starting from a simple two-mass 
model based on Kelvin elements, to more elaborate ones based on (i) combination of 
Zener and Kelvin elements; (ii) modified Kelvin elements with the inerter device 
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introduced recently; and, (iii) the multi-mass system composed of three Kelvin 
elements. For all of these models the associated differential or algebraic-differential 
equations are solved and the corresponding amplitude-frequency characteristics are 
analytically constructed.  
It is important to note that the numerical experiments undertaken in this thesis 
prove some expected results about the influence of various parameters of the suspension 
systems on comfort levels and steering properties. 
  Finally, the presented comparative study of various designs of the quarter-car 
models suggests that suspension systems based on the Kelvin element are more capable 
of providing admissible comfort levels and advanced steering properties of the vehicle. 
 
 Summarizing, the main achievements of the author of the thesis are as follows: 
1. Development of the mathematical models of the vehicle suspension systems for 
improved comfort levels and advanced steering properties. The developed multi-
mass models are based on (i) Kelvin elements (Chapters 3 and 4), (ii) the 
modified Kelvin elements combined with the inerter devices (Chapter 5), and (iii) 
combination of Kelvin, Maxwell, and Zener elements (Chapter 9). It should be 
noted that the vibration analysis of the modified Kelvin elements combined with 
the inerter devices was done for the first time.  
2. Development of the objective functions for the improved comfort levels based on 
the requirements of the ISO standards (Chapters 3 – 8). Apparently for the first 
time the requirements of the ISO standard on the admissible vibration levels were 
considered at constructing the objective functions.  
3. Development of the multi-objective optimization comprising the improved 
comfort levels with the advanced steering properties of the vehicle (Chapter 8). 
Such an optimization for vehicle dynamics was developed for the first time. 
4. Application of the developed methodologies to the real Australian roads 
(Chapters 3 – 9). Presumably, for the first time the optimization procedures for 
vehicle suspension tuning were adopted to the real road profiles of several 
Australian roads.   
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11. Future work and recommendations 
According to author's opinion, a possible future evolution of the developed 
approach can have several directions, among which the following two appear the most 
interesting and challenging for the automotive industry.  
11.1 Advanced models with linear characteristics  
To achieve a better response of the vehicle suspension system, the modified 
Zener element containing the auxiliary mass located between spring and dashpot in the 
Maxwell chain, could be introduced. Addition of the auxiliary mass transforms the 
original Zener element into an element resembling the tuned mass damper by 
Ormondroyd and Den Hartog (1928); see also Harris (2009). If resemblance in the 
amplitude-frequency characteristics holds, then the modified Zener element could 
possibly provide better damping in a wider frequency range than the original Zener 
element.  
Another modification of the Zener element can utilize the inerter device by 
Smith (2009). Similarly to a previous model, the inerter can be placed instead of the 
auxiliary mass in the Maxwell chain of the original Zener element. Presumably, addition 
of the inerter could act similarly to the auxiliary mass, and thus, the modified Zener 
element with the inerter may provide better damping comparing to the original Zener 
element. Of course, the detailed comparative analysis is needed to find out which of the 
modifications performs better. 
  
11.2 Systems with non-linear characteristics  
Generally, the systems with non-linear characteristics are much more difficult 
for the analysis, especially at performing optimization, mainly because of absence of the 
closed form solutions. Even differential equations with the simplest nonlinearities, like 
Duffing equation with the cubic spring and dashpot nonlinearity, do not admit the 
closed form solutions. This fact indicates necessity migrating to powerful computers 
with the corresponding software allowing massive computations.  
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Despite computational difficulty, the systems with non-linear characteristics can 
manifest high dissipation properties due to ability to perform vibrations at subharmonic 
and superharmonic frequencies; these are respectively lower and higher frequencies 
than the excitation frequency of the harmonic load. Thus, energy of vibrations is 
transferred to different frequencies, ensuring reduction of the amplitude at the excitation 
frequency. The performed literature review shows that the concept of applying systems 
with non-linear characteristics as automotive vibration extinguishers can be promising.  
 
11.3 Experimental methods  
 Necessity of the experimental verification of the theoretical methods used for 
vibration analyses of vehicles became evident since middle of the past century, when 
quite a lot of publications appeared devoted to analysis and registration of vibrations of 
the moving vehicles; see works by Pradko et al. (1965), Rottenberg (1972), Tsymberov 
(1968) and others. While the early experimental methods were mainly devoted to 
solving principle problems of either human or vehicle behaviour at vibrations, the more 
recent methods are targeted to analysis of the more complicated systems comprising a 
human seating in a moving vehicle; see Chapter 2.  
 However, there remain a lot of problems of the vibration analyses that need in 
experimental verification. One of such unexplored problems is closely related to the 
theme of the current theses. That is the experimental verification of the developed 
methodologies (Chapters 3 – 9) on finding the optimal suspension parameters by 
combining the ISO standard requirements with the real road profiles. The outline of the 
experimental procedure could be as follows: (i) installation of the vibro recorders in a 
fleet of vehicles moving along the same or similar roads; (ii) adjustment of the vehicle 
suspension parameters by either installing different types of springs and dashpots or 
tunning the spring stiffness and viscosity of the dashpot; (iii) interrogation and medical 
observation of the drivers before and after shift; (iv) comparison of the experimental 
data obtained in stages (i) and (iii) with the theoretical results obtained by the 
optimization procedures developed in the thesis.  
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